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Extrapolation of Asymptotic Expansions by a

Modified Aitken 5° -Formula

Petter Bjgrstad, Germund Dahlquist, Eric Grosse

Abstract.

A modified Aitken formula permits iterated extrapolations to

efficiently estimate S from 5 when an asymptotic expansion

-k -1 -2
— + * Has, = S, tn (eq + cn + con )

holds for some (unknown) coefficients Cop - We study the truncation and
irregular error and compare the method with other forms of extrapolation.
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1. Introduction.

We consider accelerating the convergence of sequences CI
satisfying

-k -k-1

s, = s_ tech 4 O(n y k > 0 (1.1)

where cy # 0 is unknown.

In order to study this problem, consider for a moment a continuous

case. Let s(t) be a continuous function of t with an asymptotic

expansion

s(t) =s + £75 (c +c _— +e tC + 0(t™>)) c.# 0, k>0O (1.2)® 0 1 2 ? 0 ’ }

We assume that s"(t) # O and that termwise differentiation is legal.

(Note that an expansion like rqu Pe cut +a can be reduced to
this by the change of variables t = we .) Define a new function s*(t)

by

2
* s'(t

s (t) = s(t) - p Sih (1.3)
Now

Cc
Dk + - -

st (6) = kSctTeER(1 4p EL Lym, 0178)0 k c¢
0

and

~k-2 kt2 C1, -1 -2
s"(t) = k(ktl)e t (1 + =— — 1 + o(t 7)) .

lo) k ¢ 0)

Therefore

2 Cc

s(t) C k +l -1 =D k+2 61 21, 25 \ _ 2 (1 - EL =

PD) p 6 £7 (ete = ett 0(87)).(1 - 2 +0(t79))

0 ® BLTre the 0(t7F)) (1.1)



* ~-k-2 . k+l |
It follows that s = s_+ o(t ) if we take p = Xin (1.3).

This result still holds 1f we replace derivatives by symmetric

differences. Therefore in the discrete case we propose computing

WR feTGSa (1.5)
n n k As, -Vs, .

(If As, = vs, , Just set Sp = Sy )

We will show that 1f the asymptotic expansion

= -k -1 -2 -3
+ + :

holds, then the process (1.5) can be iterated, giving the " s-formula":

0 -
S = S
n n

i i
. . As” . Vs
i+l i k+2i+l , n n

n n k+21 Ast ysl
n n

This iteration 1s illustrated in Figure 1.

S 1 =0 i=1 1 =2 «ee
n

n-2 =

n-1 | O
a

| ==n+1 - O

n+2 n

Figure 1. Iterated extrapolation process.



Note that the formula (1.3) can be used directly for the practical

computation of Sr 1f analytic differentiation 1s simple.

Often a, = s -8S _, can be computed directly, with less rounding

error than if S 1s first computed and then differenced. This occurs

for example when

n

5 = p2 a (1.8)
J=1

and sometimes when S_ is computed using a recursion formula. In this case

one should replace (1.5) by

a ,.8a
* k+1 n+l n

“n= % ka .-a (1.9)
or n+l n :

If this 1s to be iterated one also needs a formula for the accurate

computation of

* W» *
a, = S| sq (1.10)

Substituting (1.9) into (1.10) gives

Na - ga
* k+1 n n k+2

n= eal 52 0 pe ve = (1.11)n n

This gives the mathematically equivalent "a-formula":

~ = a s¥ =
n- an ’ "nT ®n

nF -
+1 i k+2i+l ntl n :

s. T= 8, Sr TT i= 0,1,2,... (1.12)
“n+l” °n

A 1° val
JL a krill can” n ktZite i = 0,1,2
1 In k+21 . °n i i k+21 > 1 = VUsdssye..

da va



i+1 1. i i+l i i i

(where again s = = 8 if Aa = 0, and a “=a if fa -va =0 Ye

Note that for greatest accuracy, 5 could be accumulated in the
other direction .

In practice the error in as, = Vs, and ba. - ve, due to rounding

and other irregular errors 1n 5 and 8 will limit the attailnable
i+l

accuracy. The irregular error component 1n Sp increases with n

and 1, while the truncation error decreases. We analyze this in the

following two sections, then turn to a formula for estimating the exponent

k which provides a check of assumptions and a possible termination

criterion. After briefly discussing alternative techniques, we conclude

with illustrations of the method.



2. Truncation Error.

*

We will now derive the leading term in the error expansion for 8," Sq

assuming that an expansion of the form (1.6) holds for s, - This establishes

that the proposed method gains two orders for every application as indicated

in Section 1.

-k -1 ~2 op)
= + . .S, s, tn (cy+tcn +c + O(n )) sey #0, k>0 (2.1)

Using

(n+1)™ =n FQ mt + Eh nC.) (2.2)
-1

we can expand As, and VS~~ 1D powers of n

vs _ _

no__ c kn (1 + Ry nt + Le) n 2 + (etl) (kt2) (kt3) n 5)
As LJ @

. nn

~-k-2 kt2 <1 , (k+2)(k+3) _=-2
-c, (RFL)n TEL + SEpT 4 EEE) me

1 - 2 3.

-k-3 kt3 =1- + = 2

c, (k 2)n (1 + == n°)

~k-L ~k-5
- c (k+3)n +0 (n ) (2.3)

Now

2.2 =2k-2 | -2k-3%
ps vs = cok n + 2c, cy k(ktl)n

2
+ 6k + -2k- -2k-

(2? EEEEYD peo k(kre) + cB) 4 on™) (2.4)

and
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2
+ + +

(bs get kt? . c, (k+2) 1, [we ce] (k+2) c,, (k+3)
n~ Vo = ck (k+l) Chk cyk cok k+1

(2) (k+3) 1-24 o(n”_ 2 2 ]- + o(n 5) . (2.5)
Hence

k+l AS) V8, -k + 2c, (+1) -1
kK AS_-Vs_ a 0 k n

n n

24ers | 2%(ER) eS)” -2 -3
leo— fF — x Fz |r oT)

cK
0

NN cy (kt2) I (k+t2) (k+3) c, (k+2) (kt3)
Gk 12 c k(k+I)

2)
+ =e In “+ 0(n 7)

°K
0

Cc c? Cc
__-k SI 1 2 2, (n== n = ten (3 (k-1) + - Ny: + K(&+1) (k+2) (ke bs + O(n ) .0

This gives

C c’ 2c
x 0 1 > | -k-2 -k-3

s, = S, 4 (2 (1-k) - 2 + =k + O(n ) (2.6)0

By iterated use of (2.6) we obtain

s' = s +c nF, o(n KF 211 , 1 =0,1,2,... (2.7)
n co 0

where cq = C4 >» cy is given by (2.6) etc. The leading term in the
1

ie -2 od
truncation error is multiplied by——— - 1 in iteration i , 1f ¢j #0,

0

J< i, i=1,2,3,....

I



By termwise differencing of the egansion whose first term 1s given

by (2.7) we get

. . Ra Rr

al = gst = - cr(k+ 21)n FAL 4 o(nTEE-E) (2.8)
n n 0) .

and therefore

JIL oil
n 0) k+2i+2 . =? -3 J . .
— = I ToT n + 0m”) , ey #0, <1 (2.9)
a Cc
n 0
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J. The Propagation of Irregular Errors.

Usually the data s) / a are subject to rounding errors or other
errors 1n the process where they are computed or measured. There may also

be transients in the sequence, which decay more rapidly than nF for
large n but disturb the acceleration when n 1s not large enough, see

Example 1. Such errors will be called irregular errors, since we do not

assume that they depend smoothly on n , in contrast to the truncation

error studied in Section 2. We shall study how the irregular errors in

the given data are propagated in the acceleration process and derive

approximate bounds that do depend smoothly on n .

Let r(x) , _r(y) be approximate bounds for the absolute value of

the irregular error in the variables x, y . If a variable 1s defined by

an arithmetic expression involving variables with previously known

approximate error bounds, then the approximate error bound of the new

variable 1s defined by the repeated application of the following

fundamental rules:

r(xty) =~ r(x) . r(y) (3.1)

r(x-y) ~r(x) , ry) (3.2)

r(x.y) ~ |x|-r(y) + |v| r(x) (3.3)

2

r(x/y) = r(x)/ |y| . r&)/y° . (3.4)

The sign of approximate equality means that the following

simplifications are made:



First, when an error bound depends on n , we shall consider only

the first term in its asymptotic expansion. Since usually n >> 1,

this 1s reasonable 1f one also assumes that the problem dependent

coefficients c; do not grow too fast with J and i.
Second, the use of the asymptotic estimates derived in Section 2 as

well as the rules (3.3) and (3.4) are based on the assumption that all

quantities are (much) larger than thelr irregular errors. In particular

we assume that

EET ARN Ey (5.5)

where 5 , st denote quantities containing irregular errors. This
assumption limits the number of extrapolations for which the theory can

be applied. Fortunately this limit also indicates where the iterations,

because of the propagated errors, do not any longer give significant

improvements.

Third, we again emphasize that we study the propagation of the initial

irregular errors only. The rounding errors committed in the accelleration

process are assumed to be negligible. This is reasonable since in good

floating point arithmetic, no new rounding errors are introduced when two

almost equal numbers are subtracted. The inherited relative error of the

result of such a subtraction will be much larger than the rounding errors

in the later operations. Also the rounding errors in the final additions

of the form sp = sh where Im, | << EW » are negligible.
For convenient reference we collect here same formulas derived from

the expansions in Section 2.
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i -k-2i, i + 1-1 -2
s -8§, = n (eq cen T+ o(n 7)) (3.6)

: . Co _keDi- _keDiD
a" =yst = - co(k+2i)n k-21-1 O(n * ) (3.7)
n n 0

i 1° n ~k-21~2

a, = 0s) =a + O(n ) (3.8)

| i ul 1 i . . -k-2i-2 -k-21i-ha, = As -Vs_ = co(k+2i)(k+2i+1)n + O(n >)

= ~(k+2i+1)a +n" + 0 (n~5"B1=3y (3.9)

i 1 . 1-2 ~k-2i-L

pag = va, = (k+2i+1)(k+2i+2)a n "+ O(n ) (3.10)

In order to simplify the notation a bar over a variable will replace

superscript 1+l and the superscript 1 will be omitted.

We first consider the s-formula.

mein. 8% 0 TE (5.11)
Sh = n k+21 as - vs, . *

. Let

r(s;) ~ 4 , n-l< j < ntl (3.12)

where we define yj to be an upper bound for r(s,) . Using the rules
(3.1) to (3.4) we get

11



- Asp © VS),
As =VS

(fosler(s)+ lag,| x(a) «las, =u, | + 10s, +5,| (x(es,)+ 2(95,))
~~5

(as, -vs)

culos| + foe) - 108, 7s, 1+ bu [s, «5,
~ 2

(Bs, - vs)

jas, vs, |n-'"n

Oy Ms: Ks 14 (5.1)
(bs,- vs)

where in the last step we used relation (3.7) and (3.9) to drop higher
-1

order terms in n ~~. Using this; in (3 .11l) gives

- ] 3 | bs V Sn |

r(s,) ~ ou + by(k+2i+1)/ (k+21) . Coe —9s 2As, = VS,

2
2n

~ Tero) (k+oi+1) M (5.1%)

where we used (3.7)5(3.8), and (3.9) to eliminate As, 1 VSy and

As, = VS) .

} Repeated application of (3.14) gives the final approximate upper bound

on the error propagation.

r(sH) A (20) 2!
n k(kt1) . . . (k+ 2i-1)

where

O 0

uo = max |x (s5)
n-i<j<n+i

12



and (53) is the initial error in element j of the original sequence
{,} *

Next consider the a-formula.

k+i+l . _p hey -Vva
= — —_— + . . .a oi 5% ava (k+2i+2)/ (k+ 21) a, (3.16)

n' n

Let

where again y 1s an upper bound for r(a;) . We get

A Aa - va Aa. - va .
- k+2i+ 1 n n 2 n n L ktaiteray) ~ vor (ete Ney va1 To (meeeva )) “wri T(%)n n n n

I-A) he. - va : laa - va |

| rai | 7 Pale va, TR Bay Ve) (a ova)n . n

k+2i+2

k+ 21 V (5.18)

ha = va,
using (3.13) and (3.4) to find r WT . |

n n

Using (3. ., and (3.10) to eliminate £42, » V&, , and Aa-va, in

(3.18) we obtain

2n :
a A . . .1r(ay,) PETenF1) (5.19)

From (1.12) we have

15



a _, .a
- | k+2i+1 n+l n

A + —_— |r ————

ris) ~ rls) k+21i - da
k+2i+1 lagey ra) * la lorla,,) lag sq2p] rte)~ ris ) + === TE CLL SE

n’ k+21 [3= | ™ 2
n I

2n

~ rls) + qm merry

~r(s ) + 2rGE) (3.20)
n 2 n ’

again using (3.7),(3.8), and (3.9).

Repeated application of (3.20) yields finally

. i 2Ji 0 1 (on) 0
fr] + — hd

rls) = risy) 2 5 k(kr1)... (k2j-1) V
21

0y , 1 (2n) 0
~~ + EE YZEEE—~ tls) 2 k(k+l)...(k+2i-1) @ v (3.21)

where

o = max |r (a0) |
n-i <j< n+i J

and r (a) 1s the initial error in element J of the original sequence
{a3 .

- We conclude that the a-formula 1s never significantly inferior to the

s-formula, and if

0 0

v = max lr (a9) ] << max Ix (s3)] = MW (3.22)n-i < j < ni J n-i < j < n+i

the a-formula 1s indeed superior. We therefore feel that the a-formula

0

(1.12) might as well be used even when a has to be computed explicitly
oO 0 0

PY 8 = #- 51 -

1h



|

According to the analysis given above the irregular error in the

extrapolated values will grow very fast with n and 1 . Since the

truncation error decreases we should also consider the case in which

the irregular error dominates the truncation error.

In Figure 2 and 3 we plot the truncation error, the irregular error

component, the a priori bound on the irregular error given by (3.27), and

the actual computed error using the a-formula in Example 2, Section 5.

These quantities were obtained by doubling the precision of the original

computation. We keep n+i constant and plot the above quantities on a

log, scale. The actual values for = and 0 (definedin (3.15) and
(3.277)) are use-d. Note that the derivation of the bound given by (3.27)

1s valid only until the irregular error component reaches the level of

the truncation error. The theoretical bound corresponds quite well to the

actual béhgvior of the irregular error in the region where the assumptions

for the analysis are valid.

As can be seen 1n Figure 2 and 3, and also from the examples in

Section5, the irregular errors level off 1n practice when they start

. dominating the truncation error. This phenomenon becomes plausible when

we note that 1f As, and vs were 1ndependent random variables € and €

uniformly distributed on (- Ns n) then

[2] < 1) > 0.7.

15



(This probability 1s relatively insensitive to the particular distribution

chosen, as long as it is symmetric around 0 .) The above result was

found using 10,000 random trials. -

16



A

0

ou
0
¥ |

fy |
hd X] )

=
Q 5

Ay

10 X] +
_ + (A

yd 0) |

— |
| 0)

[]

C

: 1 2 3 p O

Figure 2. The a-formula used in Example 2, Section DJ.

n+i=15 w= 9.9 + 10716 . v= h.0- 10717
[] Truncation error

0 Irregular error

X Actual error

+ Expression 3.27.
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0

8s
0
&

~ .

3 oo.
QO

5 2
3

+

| 10

- "

A

/0: ) |

3 Nn
15

|

20 NL
+ A 3 L 5 6 7 i

Figure 3. The a-formula ushdnpleny. Section 5,n+i=30. = 7.6 . 1071 o vW=k.0 . 4.8

] Truncation error Irrddularerror

X Actual error + Expression 3.27.
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i. Estimation of k , Termination Criterion.

Sometimes the coefficients Ce in the expansion (1.2) are so

inaccessible that even verifying c, # 0 is difficult. In such cases

an estimate of k directly from the data Sy 1s helpful.

Using the expansions (2.3) and (2.5) we find that for some constant cg ,

_%n = nc .k clit) + cC
As, - vs, = c k(k+1) — oO" + 0 2 1

2
LoL. (el) k(er2) | 2kHh C1 kee

0 12 2 k+l Sy k

~ ~D -3

+c, nn" + O(n |
Differencing this gives

As 2c, (k+2) eS (k+2)
SN ES CY JE BYEvc) it: Sl A Sy IYI)

bsp = V8) kd 12(ktl ck (k+1) cok” (+1)

And therefore

k = =1 - = o(n"2) (4.1)
Al —2e—

As, = VS)

-Experiments indicate that symmetrized versions perform no better than this

simple forward difference formula. (They will all have truncation error

_D |

of order n ® ) Note that 8,1 can replace As in (4.1).
This estimate may be applied in several ways. First, 1t provides

a check of the underlying hypothesis; successive estimates kK that

steadily increase indicate an error expansion that may be exponential

in -n, say, not polynomial in on

19



Next, the estimate suggest/the first nonzero term in the error

expansion; sometimes because of problem symmetries this may not be

obvious a priori.

Finally, 1t yields an appealing termination criterion. After each

extrapolation, the estimate of k should increase by 2 , and once they

depart from the expected behavior, the 5, from which they are derived
have been sufficiently contaminated by irregular error that further

extrapolation 1s pointless. For a somewhat similar heuristic in adaptive

quadrature, see de Boor (1971).

Another more specific termination criterion which 1s easy te implement

together with the recommended a-formula, can very naturally be based

on the expected monotonicity of the sequences (s,] . (For each i).

Suppose we are computing the sequence (s)) from the previous
1-1 Max

column {s_ } (Or in practice, updating the corrections to
n=N .

min

the original sequence (50) using the a-formula (1.12).) Then:

1. Find the index Ny > Nin for which the elements a , n> Ny P

starts having constant sign. (Say, at least three consecutive

) elements, after a possible irregular sign pattern in the beginning.)

Set Nosn = Ny .

: Find >
2 F the first index N, Ny for which ay Sy 41 <0

2 2

: : 1 1

A. If N, = No ox (that 1s, no sign change occured) let s, = *¥,
be the estimate of s from {sT} and take

© n

ror ) = | any | to be an estimate (order of magnitude only!) of
2

th 1e error |sk-s_| :

20



1 1

B. If N, < Nox , let Noax — Ny,» take sg, = °X, and take
(1)

TOL'™/ = max{ lay P lo +11)
3. If ror.) > ror, (1-1) , accept the estimate sit with error

estimate ror, 74 , Otherwise compute a new extrapolated column

i+1 Mhax
{s 7

n=N_.
min

A FORTRAN implementation of this criterion running on an IBM 370/168

(precision approximately 16 decimals) gave

+ -

s_ a 0.13533528320 © 1.5 x 107

ee = 0,1353%5283%2) (exact value)

0,20
based on {s,} from Example 1 in Section 5.

n=10

while

sn 2.61257534869 T 2.0x107H

(1.5) = 2.61237534869 (exact value)

0,15
based on {s } from Example 2 in Section 5.

n=1

21



5. Alternative Methods.

From (1.1) we can immediately derive an "elimination formula".

AT
* n

(5)—-— —1
n

This formula, too, may be iterated to take full advantage of the asymptotic

expansion (1.2). (See for example, Dahlquist and Bjbrek (1974).) Note

that two iterations of the above formula correspond to one iteration

of the s-formula; both reduce the order of the truncation error by nn" |

using 3 data points. However, this method has two serious flaws.

First 1t 1s not translation invariant with respect to n . As illustrated

in the examples below, the proper choice of origin 1s not always obvious

in practice. Second, the rounding errors do not level off, as they do

for the s -formula. This means that a very careful termination criterion

must be used 1f this formula were to be applied.

Another alternative 1s to use some other symmetric difference formula

based on the continuous formula (1.3). For example

1 2

* k+l Lk (8s) + vs)
n n

has truncation error

Cc c’ ale
* 0 2 1 2 ~k-2 -k-3. = - — + - —— tf ——S -= Ss, * ( 5 (3k Tk +2) > k(k+1) )a + O(n ) (5.3)ck

0

which is comparable to the corresponding error (2.6) for the s-formula.

(Note however that the factor multiplying Cy is larger in (5.3).) Which

of the two formulas will do better depends on the problem. °

22



One nice feature of the s-formula (1.4) 1s that 1t can be interpreted

as a modification of the classical Aitken extrapolation formula

2
(as)"x

5. = § = —p— (5.1)
n n APs

n

which assumes an error expansion

| S41”Se = (A+ E)(s -8) Al <1,e, 0,00. (5.5)

(See, for example, Henrici (1964).)

This follows since in the limit k = = ,

2 2

x _ Asphsy q- (spp) . AS J Rigo 0
nT %n-1 n-1 Ic < - n-1 ACs :n-1 n-1

The equivalence also holds of course, for the formula

2

* k+1 (as)
s. = 5s —,- —— : (5.6)
n n k ACs

n

This formula is not symmetric and will therefore only accelerate the

| * -k-1
convergence by one order of magnitude. (s, =s_* O(n ) ») The last

) formula can, however, be useful in a quite different context when computing

multiple roots of nonlinear equations. (See Overholt (1965).)

It should be noted that we assume the work required to evaluate s, to

accurately computed, better accuracy can be obtained by using a subsequence

of sin the extrapolation process. For example one can evaluate s_

only for n=mk or n = of , k= 12,5... , m some integer. The

s = or a-formula can still be applied, setting k = « in cases like

25



l

k _
n=2 (Aitken extrapolation). In this case the elimination method

will be translation invariant and both extrapolation processes tend to be

more stable; the irregular error component will not blow up.

In the special case k = 1 , other extrapolation methods are available;

see Joyce (1971) for a comprehensive catalog. TILike the elimination scheme

above, these other methods depend explicitly on the independent variable n ,

Or more accurately on h = 1/n . Polynomial extrapolation,

0 _
p, = sh)

J nd
Jtl 3 Prh+e1” Pp .

pn =P1t Tm 2 0=d
n

n+j+l

uses Neville's iterative linear interpolation to evaluate at (0 the polynomial

passing through the data. For a more complete treatment with applications to

summation of series see Gander (1973). Rational extrapolation (Burlisch and

Stoer (1964)),

rl = 0
n

0

r = s(n) . .
: : re - rv

_ Jt _ J n+l n }
Tn ntl © 3 J-1 s» 0<L J,

r* -r h

n n+l | | n 1| J J-1 }Tn+1™ n+l Dtg+1

interpolates instead by a rational function. An alternate way to do this,

based on Thiele's iterative reciprocal differences interpolation, 1s the

p-algorithm proposed by Wynn (1956), (see also Brezinski (1977), Warner (1974)):

2h



-1

py= 0

0

Pn = s(n)
! 1

j+1 _ 3-1 _ bh... bh §
Py Pr+1 otgtl on

pd, - po
n+l n

Collapsing two steps yields

jte_ J , XN
Pr Pnvl” DO

where

1 1 J J
N = (=—=—-=)4p V.p+

B+j+0 h n+l n+l

3-1, 3 od 1 1 yd 1 ly J
D = apd apd wed Le teneed SE LL) ppn+ + +

n+l “n+l "ntl Bo vgeo hq n+l Bese h_ n+l

Wynn notes that as convergence progresses, the first term in the denominator

can be neglected. Substituting h = . then gives the s—-formula.
From this is appears that when both apply, the s-formula and the

. p-algorithm (or, equivalently, rational extrapolation) will behave comparably,

though not quite identically. The numerical experiments presented in the

next section bear this out.

On the other hand, the range of applicability of the two methods 1s

different. The s-formula allows general k but requires h == , while
rational extrapolation allows general h but requires k=1 . Another

difference 1s that the a-formula 1s able to take advantage of the accurate

series terms a ‘
n
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We have been unable to devise a satisfactory scheme generalizing both

methods. Of course, elimination can still be applied; the case of general k

and general h 1s handled by

0
= sh)

In 0 Lo+

41. <n< 1 BOR= == ~ =000 ,

z d
-I< m<1

_ k+i

dq = (h, - Bey) / ha

k+1

dy = (B19 By )) / By

3 k+1
a, = ( .-nh)/ n 7

However, limited numerical experiences suggests that this may not perform

particularly well in practice for general ho . (For n=, the first
elimination scheme and this one behave comparably.)

Polynomial extrapolation can be used with general h and k [Bauer,
Rutishauser and Stiefel (1963 ) 1, but the trick depends on linearity of the

extrapolation process, and therefore does not seem to carry over to rational

extrapolation.

Another possibility, which we have not investigated, would be to fit the

data by a least squares method. Perhaps stepwise regression basedon the

asymptotic expansion would be appropriate.

We conclude that there 1s still room for work on extrapolation methods,

particularly in theoretically explaining empirical behavior such as the

superiority of the s-formula and rational extrapolation to elimination methods.
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6. Examples.

Example 1.

At the most recent Gatlinburg conference on linear algebra, nametags

were scattered about the dining room to encourage people to make new

acquaintances. One evening a participant remarked: "This can't be

random -- I just sat next to this guy at lunch." Suppose that n people

are seated randomly around a circular table for two meals. What 1s the

probability Pp, that no one can make such a remark'?

From a recurrence formula by Poulet (1919), we may compute that

_ 1
Ps = 15

I
Pe = 20

_ 2
Pr = 360

2

p= -[ (-n® + 170 - 116m" + W150” - Bhoa® + g76n - S0b)p,
+ (-bn' + 48 - 1880% + shon)p_

+ (on™ - 300° +154n° - 300n + hh)r,

+ (-n° + Tn - 9)pn-U

+ (n° + 5n - 3)p. Jn->

J(n® = 170° +11kn" - 38500 + 689n° - 618n + 216)

for n > 8 . (6.1)
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(In particular, P100 ~ 0.150 | In fact, the seating was not completely

random, but the one incident would not be enough to establish this.)

The recurrence may be rewritten as

P_-D = - [(-2n" + 300 - 160n° + 360n - 288)n "~n-1 Pp-1

+ (-bn' + 480° - 1880 + 2bon)p

+ (2n” - 30m + 154n° - 300n + hp, 5
> (-n° + Tn - 9)p

n-4

+ (-n® +50 -3)p__.]n=>

6
/(n” - 170’ + 114n* - 3851 + 689n° - 618n +216). (6.2)

| a BN -2 Lo
Since 0 < Pp <1, and P,- P, 1° O(n ), we see that lim P, exists and an
asymptotic expansion of the form (1.2) holds with k = 1 .

We might guess that in the limit the probability of success overall

1s just the product of the probability of success at n-1 seats, so that

n-3 \"7! -2
lim bp, = inf 22) = € = 0.135335 . . . . It appears that noIN =o Il co

one has rigorously proven this yet, but we can easily check the conjecture

numerically using the techniques described above. On the following pages

we present the results of different extrapolation techniques applied to

0) yp . For clarity the predicted limit e has been subtracted off
the extrapolated values, and only every second elimination step 1s shown.

For more detail see the 'program listings in the appendix. Estimates (4.1)

of k based on the s-formula are included 1n the numerical results.
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As it happens, the coefficients C5 in the asymptotic expansion may be
computed for this problem.

— -1 20 -3 8 4 pAp= - TH + 20 135 - I - 6 - -

(6.3)

However, the amount of labor required for this computation makes the

extrapolation schemes quite attractive.

Example 2.

To illustrate that k need not be an integer, on the following pages we

give the corresponding results for

c(1.5) = 2.6123753 48685488

n

s) _ 2 Le
k=1

By the Euler =~Maclaurin expansion

-.5 1-1 1 -2
c(1.5) =s, t+ n’7(2 - zn" + gn oq.) (6.4)

(Of course with the knowledge of the precise expansion (6.4) one can

compute c(1.5) more efficiently.) A more serious application with

fractional k occurs in contour integration (Lyness and Delves (1967)).

Finally, we note that the s-formula has been used to compute the

asymptotic solution of a system of ordinary differential equations in

quantum chemistry. (Edsberg and Oppelstrup (1975). )
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Appendix.

These program listings are given only to specify exactly how the

examples were run, 'not necessarily to show how the extrapolation ought

to be coded. In particular, no effort to conserve storage was made.

The procedures are written in the language T , which 1s described in

Eric Grosse, "Software restyling in graphics and programming languages",

STAN-CS-T78-663, 1978.
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poul (n,p)
# Poulet recurrence

integer:n
real(): p
real: fn

case

7 <n

fa:=mn

pir) := -(

((((((-£En+17)*fn-116)*£n+415) *£n-849) *¥£fn+978) *£n-504) *p {(n-1) +
((((-4*ftn+4E)*fn— 188) *f n+ 240) *fn)*p (n-2) +
((((2*%fn-30) *fn+154)*fn-300) *fn+144)%p (p-3) +
((~frn+7)*£fn-9)*p (n-4)+
((-fnt5) *fn-3)*p (n-5)

) / ((((((fn=17) *fn+114)*fn-385)*fn+689)*%£fn-618)*fn+216)
7 =n

p(n) = 2 * 23,/(6%5%4%3%2)
6 =n

p(n) := 2 * 3./(5%4%3%2)
5 =n

p(n) == 2 % 1./{u*x3%2)
. n< oo

p(n) = 0

dpoul(n,p,dp)
# Poulet recurrence for p(n) =p (n-1)
procedure: poul
integer: rn
teal): ¢, dp
real: rn

peul(n,p)
case

7 <n

fn z:=n

dp (mn) = --¢

((((-2*%fn+30)*£n-160) *fn+360) *£n~-288) *p(n~-1) 1
((((-4*fn+4B8)*fn-188) *£fn+240)*£n) *p (n-2)+
((((2*fn-30)*fn+154) *f n-300) *£n+ 144) *p (n-3) t
((-fn+7) *fn-9) *p (n-4)1
((-tn+5) *fn-3) *p (n-95)

: ) /  (({{((fn-17)*fn+114)*fn-385) *fn+689) *fn~-618) *fn+216)=n

dp(n) :=2 * (23.-6%3) /(6*5%4% 3%)
€ =n

dp(n) : = 2 * (3.-1%5) /(5%4%3%2)
5 >= n

dp (n) := p(n)



zeta (n,p)
# zeta

integer:n
real): p
real: £n

case

1 <n

fn :2=n

p(n) = p(n=1) + fn*%x(-1_5)
-1 =n

p(n) := 1,

dzeta{n,p,dp)
*# zeta

procedure: zeta
integer: n
real{():p , dp
real: En

zeta (n, p)
case

1 <n

fn :=n

dp(n) := £fn*x%x (-1.5)
1 =n

dp(n) := 1.



aform{nmax, pn,dpn,h,imax,k,e)
real(): pn, dpn,h
integer: nmax,imax,i, n, new
real {(nmax,0:imax): a, s
real: k, e, af, ab

next page

put (*a-formula¥*)
next. line

s &- _1 (60)
a = -1 (60)
for{(1 <= new <= nmax )

a (new,0) := dpn (nev)
s{new,0) :=pn (new)
for( 0 <=1<=min (imax-1, floor {(new-1)/2.)-1) )

n := new-1-1

af z= a(n+1,1i) - a(n,1i)
ab := a{n,1i) - a(n-1,1)
case

af¥* ab -~= 0

a{n,1+1) := a(n,1i) * ({
{ (k+2*1+1.)/(k+2%*1)) * a(n,1) * (af-ab)/(af*ab)

T= ((k+2%142.) /(k+2%1)) )
else

a{(n,1+1):= 0
case

a(n+1,1) ~= a(n,i)
s(n,i1+1) z= s{(n,1i)

= ( 1 £1. /(k#2%i)) * a(n,i)*a(n+1,i)/(a(n+1,i)-a{(n,1))
else

s(n,i+1) := s(n,1i)
for{1 <= n <= nmax )

put (n,s(n,0)-e,s(n,1)-e,s(n,2)-e,s(n,3)-e,s(n,4)~-e,
s{n,5)-e)



rich (npax,pn,dpn,n,imax,k,e)
real(): pn, dpn, h
integer: nmrax, imax, jn, new
real (nmax,Jd:2%imax): r

real: k, e

next page .

put (*Richardson extrapolation’)
next line

r := =1(60)

for{ 1 <= new <= nmax )
r{new,0) := pn(new)

for (0<=j<= min ( 2*imax-1, new-2 ) |
NN =" uCcrov oo.

c{n,j+1): = r(n+¢1,j) + (c{n+1,j)-r(n,]))
/ ( ((n#1.)/(n)) **(k+j) - 1.)

for(1 <=n <= nmax )
put (n,rc(n,0)-e,r(n,2)-e,r(n,4)-e,r(n,6)-e,c(n,8)-e,
r{n,10) -q)

rich2 (rmax,pn,dpn,h,imax,k,e)
real(): pn, dpn, h

integer: nmax, imax, i, n, Dhew
real (nmax,0:imax):
real: k,e, dml, d0,dp1

next page

put (‘Richardson extrapolation -— mark 2%)
next line

r := =-1(60)
for( 1 <= new <= nnax)

r(new,0) :=pn (new)
- for{ 0 <K=1i<=awnin(imax-1, floor ((new-1)/2.)-1 ) )

Dn := new-1-1

dal := (h(n) -h(n+1))/h(n-1)** (k+2%*1)
d0 = (h(n+1)~-h(n-1)) / hn)** (k+2%ji)
dp1 := (h (n=1)=h (c) )/ h(n) ** (K¢2%*])
c(n,i+1) := ( dmi*r(n-1,i)+ dO*r (n,i) + dpi*r(n+1,i) )

/ (dm1¢ dO+ dpl )
for(1<= n <= nmax )

put(n,c(n,0)-e,r(n,1)~e,r(n,2)-e,r(n,3)=-e,c(n,4)-e,
r{n,5)-e)



poly (nmax,pn,dpn,h,imax,k,e)
real(): pn, dpn, h
integer: nmax, imax, j,n, new
real (nmax,0:2%imax): rT
real: kK,e

next page

put {'polynomial extrapolation?)
next line

r := -1{(60)
for{1 c= new <= nmax )

r{new,0) := pn(new)

for( 0<=j <=nmin(2%imax-1, new-2 ) )
| Dn := new j-1

c(n,j+1) :=r(n+l1,3j) + (r(n+1,3j)-r(n,j))
/ (h{)/h(n+j+1)- 1. )

for( 1 <=n <= nmax )

put(n,r (n,0)-e,r(n,2)-e,r{(n,4)~-e,r(n,6)-e,r(n,8)-e,
r(n,10) -e)



|

rat (nmax,pn,dpn,h,1max,k,e)
real(): pn, dpn, h
integer: nmax, imax, j, n, new
real (nmax,=-1:2%imax): r
real: k,e,4d

next paje

put{'rational extrapolation!)
next line

r := =1(60)

r(,-1) 2= 0

for{( 1 <= neu <= nmax )
r{nevw,0) := pn(nevw)

for{ 0 <=j <= min ( 2*imax-1, new-2) |
n :=new-j-1
case

c(n+l,j)=c(n+1,j-1)
r(n,j+1) := r(n+1,3)

else

d := (r(n,J)-r(n+l1,3-1)) / (r{n+1,3)-r(n+1,j-1))
r(n,j+1) = c(n+1,3) + (c{a+1,j)-r(n,3))

/ (d *h(n)/h{ntj+1)- 1, )

for(1<= n <= nmax )
put(n,r(n,0)-e,r(n,2)-e,c(n,4)-e,c(un,6)-e,r(n,8)-e,
r{n,10) -e)

rho(nmax,pn,dpn,h,inax,k,e)
real{): pn, dpn, h
integer: nmax, imdx, Jj, n, new
real (nmax,-1:2*imax): r
real: k, e

next. page

put ('rho algorithm?¥*)
next line

- rr = =1(60)
r(,~1):= 0

for{ 1 <= new <=numax )

r{new,0) :=pn (new)
for(0<= Jj <= min ( 2*imax-1, new-2 ) )

n :=new-j-1
case

r(n+l,j)=r(n,J)
r{(n, j+1) :=rc{n+1, j-1)

el se

r{n, j+1) := r{n+1,3-1) + (1/h(j¢n+1)-1/h{n))/ (c{n+1,3)~-r (n,3))
for(1<=n <= nmax )

put {(n,rc(n,0)-e,r(n,2)~-e,r(n,4)-e,r(n,6)=-e,r(n,8)-e,
r(n,10) -e)




