THESIS presented by

Marcin DETYNIECKI for the degree

DOCTEUR de l’UNIVERSITE PARIS VI

Specialty:

Artificial Intelligence

Defended November 24, 2000 with the jury:

Director Bernadette BOUCHON-MEUNIER

Director Ronald YAGER

Referee Radko MESIAR

Referee Henri PRADE

Examiner Nozha BOUJEMAA

Examiner Michel GR ABISCH

Examiner Philippe JOLY

Mathematical Aggregation Operators and their

Application to Video Quer ying

© 2000 Detyniecki

5

Abstract

In this manuscript we present the mathematical aggregation operators and their application to the video quer ying. This work is divided in three parts. The first one offers the definition of mathematical aggregation operators and some properties, followed b yan extensive overview of the existing operators.

The second part is dedicated to the studyof the aggregation under uncertainty. We present a deep stud yon t -norms and t -conorms, pursued b ya stud yon aggregation of truth and falsityvalues in non -phrase calculus wa y. We also introduce a non -axiomatic way, based on the metaphor of a balance, which in the one hand allows the visualization of the global behavior and of the sensitivityof an operator and in the other hand offers a guide for the construction of additive generated operators.

The third part is devoted to the illustration of the theoretical results in the framework of video quer ying. We expound two complementary approaches. The first one based on "computing with words" explains how to browse a video with temporal queries.

The second one makes obvious how to aggregate criteria pointing to the same conclusion. We prove the feasibilityof the approach with real search engine and we expound the used technology(Java, XML, etc.)

Keywords :

Aggregation Multimedia Fuzz ylogic

Data Fusion Video Truth and Falsity

Mathematical Operators Quer y Balance Metaphor

7

Résumé

Dans ce manuscrit nous présentons les opérateurs mathématiques dédiés à l’agrégation et leur application à la recherche d’information dans la vidéo. Cet ouvrage est divisée en trois parties. La première présente d’abord la définition d’un opérateur mathématique d’agrégation accompagnée de quelques propriétés souhaitables. Ensuite suit une vue d’ensemble des opérateurs existants.

La deuxième partie est dédiée à l’investigation de l’agrégation dans l’incertain. Nous présentons une étude approfondie des t -normes et t -conormes, suivie d’une étude sur l’agrégation des valeurs de vérité et de fausseté différente du calcul de t ype logique.

Nous introduisons aussi une approche non-axiomatique, qui s’appuie sur la métaphore d’une balance. Avec ceci nous pouvons d’une part visualiser le comportement global et la sensibilité d’un opérateur et d’autre part construire des opérateurs générés additivement.

La troisième partie est dévolue à la description de la façon dont ces résultats théoriques s’intègrent dans le cadre de la recherche d’information dans la vidéo. Nous explicitons deux approches complémentaires. La première, inspirée du "computing with words" de L.A. Zadeh, présente la façon de naviguer dans une vidéo en utilisant des requêtes temporelles. La seconde montre comment agréger différents critères indiquant la même conclusion. Nous démontrons la faisabilité de notre approche en offrant un protot ype de moteur de recherche et en exposant la technologie utilisée

(Java, XML, etc.)

Mots clefs :

Agrégation Multimédia Logique Floue

Fusion de données Vidéo Vrai et Faux

Opérateurs Mathématiques Requêtes Métaphore d’une Balance

7KLV�ZRUN�LV�GHGLFDWHG

1 ................................ ................................ ............................. 142

6.6 Why is the construction interesting ? ................................ ................................ ...................... 145

6.6.1 Behavioral properties ................................ ................................ ................................ ........................ 145

6.6.2 Mathematical properties ................................ ................................ ................................ ................... 145

6.6.3 The natural choices ................................ ................................ ................................ ........................... 146

6.7 Applications ................................ ................................ ................................ .......................... 147

THE VIDEO QUERYING ................................ ................................ ....... 151

B ROWSING WITH W ORDS

................................ ................................ ........................... 153

7.1 Fuzzy continuous annotations ................................ ................................ ................................ . 154

7.1.1 Definition and examples ................................ ................................ ................................ ................... 154

7.1.2 Placing the video player ................................ ................................ ................................ .................... 156

7.2 Fuzzy time vocabulary ................................ ................................ ................................ ............. 157

7.2.1 Time positioning ................................ ................................ ................................ ............................... 157

7.2.2 Duration descriptors ................................ ................................ ................................ ......................... 158

7.2.3 Time relationship ................................ ................................ ................................ .............................. 159

7.3 Combining the fuzzy time vocabulary ................................ ................................ ..................... 160

7.3.1 Using time relationship ................................ ................................ ................................ ..................... 160

7.3.2 Choosing the t -norm ................................ ................................ ................................ ......................... 160

7.3.3 Using fast operators ................................ ................................ ................................ .......................... 162

7.3.4 Constructing more complex notions ................................ ................................ ................................ . 163

S IMPLE C ONSTRAINED Q UER IES OVER F UZZY S HOT - ANNOTATIONS

.......................... 165

8.1 Fuzzy Annotations per Shot ................................ ................................ ................................ ..... 166

8.1.1 Extraction ................................ ................................ ................................ ................................ ......... 167

8.1.2 Storage and transfer of the fuzzyannotations (XML) ................................ ................................ ...... 168

8.2 Querying ................................ ................................ ................................ ................................ .. 170

8.3 Ranking the results ................................ ................................ ................................ .................. 171

8.3.1 The aggregation of the certaintyvalues ................................ ................................ ............................ 171

8.3.2 Presenting the results ................................ ................................ ................................ ........................ 172

8.4 ExploriX Interface. ................................ ................................ ................................ .................. 173

C ONCLUSION AND P ERSPEC TIVES

................................ ................................ ............... 175

R EFER ENCES

................................ ................................ ................................ .............. 179

Introduction

Aggregation and fusion of information are major problems for all kinds of knowledge

based s ystems, from image processing to decision making, from pattern recognition to

machine learning. But now it is becoming urgent with the explosion of the multimedia

data. If we look at the information richest multimedia channel, the video, we will

witness an explosion in the amount of information, not onlybecause of its inherent

richness, but also because to its popularitydue to this richness.

Video as format of computer related material is becoming more and more common.

Ever yda ynew multimedia information systems appear on the market containing more

and more video. Also the format of information on Internet is clearl yevolving to a

video form. Initiallywe saw the embedding of images on text pages, now we see simple

animation on almost every web page. We also know that the amount of information

stored in computers is growing. So, the question that naturall yarises is : "How to get the

information you want? " And a natural answer to this question is : "Tell us what you

want!". In other words, in order to provide the user the information he is looking for, we

need to be able to answer his queries. But, now the problem of aggregating all the

information available in order to answer the questions emerges.

In a more general framework aggregation has for purpose the use simultaneousl yof

pieces of information provided b yseveral sources in order to come to a conclusion or a

decision. This problem being particularlysignificant for the information stored

numericall yin the computers (and here we are not onlytalking about multimedia).

Aggregation methods are fundamental to resume information dispersed on different

descriptors.

In man ycases, the available information is imperfect which means that some elements

are uncertain and/or imprecise, and some of them are missing (information is then

incomplete). Several methodologies are useful to manage such imperfect information.

Among the most important ones are probabilitytheor y, evidence theor y, possibility

theoryand fuzz yset theor y. We focus our work on the last one, because it is directly

connected to the logical aggregation, usuallyused in a boolean wa yin the quer ying

systems. Fuzz ylogic is actuallythe most adapted method for the numerical

representation of logical uncertainties and imperfections.

Introduction

In this thesis we propose to studythe mathematical aggregation operators that are on the

basis of ever yaggregation or fusion in a computer. We illustrate our theoretical results

bypresenting solutions for the video quer ying. We opt to offer a coherent and

homogeneous discourse b yonl ypresenting the results directlyrelated to the

mathematical aggregation. We drop off aspects as for instance the architecture of the

video search engine [ 76 ], or the investigations on the ranking methods [ 18 ], [ 26 ] and on

the defuzzification techniques [ 27 ], [ 25 ].

This manuscript is divided in three parts. The first one defines and presents the wide

range of mathematical aggregation operators. The second one puts forward the

investigation done around the aggregation of uncertain information. And the third one,

illustrates in the video quer yframework the results of the theoretical investigation.

The first part : The Mathematical Aggregation Operators

The first section presenting the mathematical aggregation operator is divided into two

chapters.

Chapter 1 propounds a definition for mathematical aggregation operators, byfixing a

minimal set of mathematical conditions. This minimal set guarantees some coherence to

this familyof operators. It also presents other mathematical properties that can be

expected from an yaggregation operator.

Chapter 2 reveals a catalogue of the existing operators. We portra ytheir characteristics

and advantages, but we try to be objective b ygiving also their disadvantages. In this

catalogue we find operators going from the quasi -arithmetic means to the t -norms and

t -conorms, going through the fuzz yintegral or even the OWA operators.

Second part : Studying the Aggregationof Uncertain Information

In this second part we present our investigations and results around the aggregation of

the uncertain. This section is divided into 4 chapters.

The first one, chapter 3 , presents a stud yon how the different traditionallyused logical

aggregation operators (t -norms and t -conorms) aggregate the logical values. The idea is

to focus our analysis on just one point, the "most fuzz y" one.

The results of the previous studysuggested that the different t -norms and t -conorms had

different attitudes with respect to the uncertaint y. In particular a gap in their attitude was

found. Based on this, we stud yin chapter 4 a wa yof creating new operators b y

reducing t -norms and augmenting t -conorms. Unfortunatelywe notice that the resulting

operators are in general not associative. However we discover an interesting operator,

for which we exhibit its worth in the temporal querying calculus presented in chapter 7.

The prior studies on the t -norms and t -conorms pointed out that the purpose of this

aggregation is to compute the truth value of a logical phrase. In chapter 5 we are

interested in the aggregation of different truth values observed for the same logical

phrase. This stud yleads to the characterization of two families of aggregation operators,

Table of contents

the prudent and the enthusiastic aggregation operator. Also a deep studyon the

contradiction of information is presented

A main result of chapter 5 is that the most suitable form of aggregation of truth and

falsityvalues is an additive generated operator. So, in chapter 6 we propose a new

framework (philosoph y) for additive generated operators. We do not base our work on

an axiomatic set but on the metaphor of a balance. We used a metaphor in order to allow

intuitive representation of the global behavior of the operator , the visualization of its

sensitivityand the analysis of a particular aggregation. But the visualization is not the

onlyuse of the metaphor, we also present a guide of how to construct an aggregation

operator, using the balance. The metaphor allowing this time to make the right choices

while conceiving an aggregation operator.

Third part : The Video Querying

In this third part we present how the theoretical results (shown in the second part) can

be implemented in order to solve the problem of aggregation of information in the video

quer ying problematic. This part is divided into two chapters.

In chapter 7 , we present a model that enables us to browse a video using imperfect

temporal queries. We propose a fuzz yquer ys ystem based on fuzz ycontinuous

annotations. We introduced a dictionar ywith the basic concepts and the wa yto

construct new ones using t -norms and t -conorms. However the choice of the operator is

not alwa ys an eas ytask, we suggest some solution based on the previous results. Also

we notice that in the case of the video the number of aggregation can easil yexplode, so

we propose an approximation of t -norms founded in the second part.

Although, as pointed out in chapter 5, when aggregating different sources indicating the

same result, we should use another kind of aggregation than t -norms and t -conorms. In

Chapter 8 , we present a Java based in -video search engine that illustrates this particular

problem.

We bring to a close this work b yoffering some conclusions that summarize the

principal results and provide some perspectives.

First Part

The mathematical

Aggregation Operators

The aggregation operators are mathematical objects that have the function of reducing a

set of numbers into a unique representative (or meaningful) number. We insist in the

mathematical aspect of this aggregation since we are dealing with aggregation of real

numbers and not fusion of information at a higher level as for instance the aggregation

of rules. But it is important to notice that an yaggregation or fusion process done with a

computer underlies numerical aggregation. In other words, the mathematical

aggregation operators are the ke yin this kind of processes.

Here we present a catalogue of the existing operators. We portra ytheir characteristics

and advantages, but we try to be objective b ygiving also their disadvantages, which is

rarel ydone in the papers presenting the operators.

We start this first part ( chapter 1 ) b yadopting a minimal set of mathematical

conditions that define an aggregation operator. This is essential, because an y

mathematical operator that transforms a set of numbers into a unique one does not

necessarilygive a representative or meaningful final value. More precisel ythis

mathematical axiom set guarantees that we are not obtaining injudicious results. We

proceed b ypresenting other mathematical properties that we can be expected from an y

operator. Here again we tr yto give an interpretation to the mathematical characteristics.

The second part ( chapter 2 ) presents a catalogue of the existing operators. We portra y

their characteristics and advantages, but we tr yto be objective b ygiving also their

disadvantages, which is rarel ydone in the papers presenting the operators.

We tryin this first part to summarize the different points of view in order to obtain a

global vision on the domain. This part will be used as the starting point for the next part.

Chapter 1

Aggregation Operators

1.1 Definition

In a rather informal wa y, the aggregation problem consist in aggregating n -tuples of

objects all belonging to a given set , into a single object of the same set. In the case of

mathematical aggregation operator this set is all the real numbers. In this setting, an

aggregation operator is simplya function, which assigns a real number y to an y n -tuple

( x

1

,x

2

, �,x

n

) of real numbers :

( )

n x x x Aggreg y ,, ,

2 1

� = ( 1 )

Naturall y, we should impose certain conditions on Aggreg to justifythe name of

"aggregation operator". Several authors [ 65 ], [ 71 ] have proposed a set of fundamental

conditions defining the aggregation operators. It is to notice that these basic definitions

are not compatible.

Recently, Mesiar and Komorníková [ 67 ] proposed a set of fundamental properties that

group all the precedent definitions under weaker conditions. So, we define an

aggregation operator as a function

[ ] [ ]

1 , 0 1 , 0 : ®

Î

�

N n n Agreg that satisfies :

· Aggreg ( x ) = x

· Aggreg (0,�,0) = 0 and Aggreg (1,�,1) = 1

· Aggreg ( x

1

,�, x

n

) £ Aggreg ( y

1

,�, y

n

)

if ( x

1

,�, x

n

) £ ( y

1

,�, y

n

)

Identity when unary

Boundary conditions

Non decreasing

These conditions seem to be recurrent in all other proposed definitions of an

aggregation operator. All other properties ma ycome in addition to this fundamental

group. In the next section we present an overview of the properties we ma yexpect from

an aggregation operator.

The Aggregation Operators

1.2 Properties of an aggregation operator

We divided the set of properties into two families : the mathematical properties and the

behavioral properties. For more details, see Fodor [ 42 ] and Grabisch [ 47 ].

Mathematical properties

1.2.1 Boundary Conditions

Here we turn our attention to the behavior of the aggregator in the best and in the worst

cases. We expect that an aggregation operator satisfies :

( )

0 0 , , 0 , 0 = � Aggreg ( 2 )

( )

1 1 , , 1 , 1 = � Aggreg ( 3 )

Condition ( 2 ) means that if we observe onl ycompletel ybad, false or not satisfactor y

criteria the total aggregation has to be also completel ybad, false or not satisfactor y. We

have that ( 3 ) translates that if we observe onl ytrue or completel ysatisfactory criteria

then the total aggregation has to be also completely true or satisfactor y.

As Mesiar and Komorníková pointed out in [ 67 ], this propertyseems to be fundamental

in the definition of aggregation operators.

Extension of this basic condition has been proposed. For example Ma yor and Trillas

[ 65 ] propose as a fundamental condition for an aggregation operator the following :

[ ] ( ) ( )

x Aggreg x Aggreg x × = Î " 0 , 1 0 , 1 , 0 ( 4 )

[ ] ( ) ( ) ( ) ( )

0 , 1 0 , 1 1 1 , 1 , 0 Aggregx

Aggreg x Aggreg x + × - = Î " ( 5 )

We notice that ( 4 ) requires that the value

( )

0 , x Aggreg is the weighted arithmetic mean

of x and 0 ; in the same wa y

( )

1 , x Aggreg is the weighted arithmetic mean of x and 1

(see ( 5 ) ). These two conditions constrain a little bit more the group of aggregation

operators. In fact ( 2 ) and ( 3 ) are particular cases for x =0 and x =1 respectively for ( 4 )

and ( 5 ) .

1.2.2 Monotonicity (non decreasing)

We deal more precisel ywith a non -decreasingness with respect to each variable. We

expect that if an argument increases then the final aggregation increases (or at least not

decreases, remaining equal) :

( ) ( )

n i n i i i x x x Aggreg x y x Aggreg x y ,,,, , , , ,

1 1

� � � � ³ Þ ³ ( 6 )

Strict monotonicity= cancellativity

Chapter 1 : Definition and Proprieties

1.2.3 Continuity

The function Aggreg is continuous with respect to each of its variables. This propert yis

a guarant yfor certain robustness, for a certain consistenc yand for a non chaotic

behavior.

1.2.4 Associativity

An interesting propert yis to be able to aggregate by packages. We expect that the

choice of the packages has no influence on the result. For three arguments the propert y

can be written :

( ) ( ) ( )

3 2 1 3 2 1

, , , , xxx

Aggreg

Aggreg x x x Aggreg =

( ) ( )

3 2 1

, , x x Aggreg x Aggreg =

( 7 )

This propert ycan also be useful if the operator is defined onl yfor two elements, then

the Associativityallows extending the definition to n arguments without ambiguit y.

1.2.5 Symmetry

Also known as commutativityor anon ymit y : The order of the arguments has no

influence on the result. This propert yis compulsory when the aggregation is made of

arguments having the same importance or arises from anon ymous experts or sources.

For ever ypermutation s of {1,2, � , n } the operator satisfies :

( ) ( )

n n x x x Aggreg x x x Aggreg ,,, , , ,

2 1 ) ( ) 2 ( ) 1 (

� � =

s s s

( 8 )

1.2.6 Bisymmetry

Bisymmetr yis a propertyassociated to the aggregation of n 2 inputs for a n-ary operators. If we write these inputs in a square matrix, then the bisymmetr ytranslates the fact that it does not matter whether you first aggregate the column vectors and then the outputs of thereof, or vice versa, first you aggregate row vectors and then the relevant outputs. For a binar yoperator A this means for all x

11,

x

12,

x

21,

x

22,

that :

( ) ( )

( ) ( ) ( ) ( )

, 22 12 , 21 11 , 22 21 , 12 11

, , , , , , xxAxxAA x x A x x A A = ( 9 )

Note : If an operator is commut ative and associative then it is necessarilybisymmetric, however, neither commutativitynor associativit yis implied bybis ymmetr y.

1.2.7 Absorbent Element

If the aggregation operator has an absorbent element a, then it can be used like an eliminating score or like a veto (it can be also considered as a qualif ying score) :

( ) a x a x Aggreg n

= , , , ,

1

�

( 19 )

where the weights are non n e gative and 1

1

= å

= n

i i w .

2.1.2 The median

Another operator that follows the idea obtaining "a middle value" is the median. It

consists in ordering the arguments from the smallest one to the biggest one. And then

taking the element in the middle. If the cardinalit yof the set of arguments is not odd

then there is not a middle argument but a pair. We take then the mean of the middle

pair.

This aggregation operator satisfies the boundar yconditions, the monotonicity, the

symmetr y, the idempotence and evidentl ythe compensation behavior.

There exists a generalization of this operator : the k -order statistic , with which we can

choose the element on the k th position on the ordered list (from the smallest to the

Chapter 2 : Mathematical operators

biggest element). Recent works present even more general median -based operators, see

Calvo and Mesiar [ 9 ].

2.1.3 The minimum and the maximu m

Two remarkable particular cases of the k -order statistic are the minimum and the

maximum. The minimum gives the smallest value of a set, while the maximum gives

the greatest one. The yare aggregation operators since the ysatisf ythe axioms of the

definition.

The main properties of these operators are : monotonicity, s ymmetr y, associativity,

idempotence. Mathematicall yspeaking the yhave a compensation behavior, but these

are the limit cases. Using these operators we will never obtain an aggregated value "in

the middle". For this reason, we do not consider that we can talk about compensation

behavior in this case.

If we work in a restricted interval [ a,b ] the minimum has for absorbent element a and

for neutral element b , while for the maximum it will be the opposite : a will be the

neutral element and b the absorbent one.

It is important to notice that the minimum has a conjunctive behavior and it is a

particular t -norm (see below). The maximum is a t -conorm (see below) and has a

disjunctive behavior.

Since the possibilityof giving weights is important, Yager introduced in [ 92 ] the

weighted minimum :

( ) [ ]

i i n

i n w w x w x x x

n

, 1 max min ) ,..., , ( min

1

2 1 , , 1

- =

= �

( 20 )

And the weighted maximum :

( ) [ ]

i i n

i n w w x w x x x

n

, min max ) ,..., , ( max

1

2 1 , , 1 =

=

�

( 21 )

The Aggregation Operators

2.2 Quasi -arithmetic means

Manyextensions of the simple arithmetic mean have been introduced such as the

geometric mean :

n n

i i n geometric x x x x M

1

1

2 1

) ,..., , ( ÷ ÷

ø ö

ç ç

è æ

= Õ

=

( 22 )

and the harmonic mean :

n n harmonic

x x x n

x x x M

1 1 1

) ,..., , (

2 1

2 1

+ + +

=

�

( 23 )

In fact all these common means belong to the familyof the quasi -arithmetic means. This

familyhas been studied in detail b yKolmogorov [ 59 ] and byAczel [ 1 ], [ 47 ] and is

defined as follows :

ú

û ù

ê

ë é

÷

ø ö

ç

è æ

× = ú

û ù

ê

ë é

=

å å

=

-

=

-

n

i i n

i i n f

x f

n f x f

n f x x x M

1

1

1

1

2 1

) (

1

) (

1

) ,..., , (

( 24 )

where f is a strictl ymonotone continuous function in the extended real line. We should

notice that a generator f is not unique. Think for instance on the linear transformation of

a generator : bxfa x f + × = ¢ ) ( ) ( , where a ¹ 0 .

We notice that the geometric mean ( 22 ) is the particular case of ( 24 ) with xxf log)( =

and the harmonic mean ( 23 ) is the particular case of ( 24 ) with

x x f

1

) ( = .

A particular attention should be taken in the case, when there exist arguments x

i and x

j

that have for images f ( x

i

) = - ¥ and f ( x

j

) = + ¥ . In this case the convention for the

addition of minus infinityand plus infinit yshould be specified.

A ver ynotable particular case, studied in detail byDujmovic [ 39 ] and byD yckhoff [ 40 ]

corresponds to the function f is defined b y a x x f ® : . We obtain then a quasi

arithmetic mean of the form :

a a a a

1

1

1

1

2 1

1

1

) ,..., , (

ú

û ù

ê

ë é

÷

ø ö

ç

è æ

× = ú

û ù

ê

ë é

=

å å

=

=

n

i i n

i i n

x

n x

n x x x M

( 25 )

Chapter 2 : Mathematical operators

33

This familyis particularlyinteresting, because it generalizes a group of common means,

onlyb ychanging the value of a :

·

)RU�

.

:KHQ� . �WHQGV�WR� - ¥ , formula ( 25 ) tends to the maximum operator.

· :KHQ� .

�WHQGV�WR� ¥ , formula ( 25 ) tends to the minimum operator.

· :KHQ� .

�WHQGV�WR�IRUPXOD� ( 25 ) tends to the geometric mean.

The Aggregation Operators

2.3 Symmetric Sum

We call a symmet ric sum a continuous self -dual aggregation operator S . We recall the self -dualit yis defined b y :

) 1 , , 1 , 1 ( 1 ) , , , (

2 1 2 1 n n

x x x S x x x S - - - - = � � ( 26 )

This operator was studied in detail bySilvert [ 78 ]. In particular he showed that the symmetric sum of two arguments can be written under the form :

( ) y x G y x G

y x G y x S

- - +

=

1 , 1 ) , (

) , (

) , ( ( 27 ) where G is a continuous, increasing, positive function satisf ying G (0,0)=0. It is to notice there is not a unique function G characterizing each s ymmetric sum. It is also important to notice that we use the convention

2

1

0

0

= .

We remark that s ymmetric sums are in general not s ymm etric or commutative. A good example of symmetric sums is the wei ghted mean ( 19 ) .

An interesting particular case is the additive generated aggregation :

ú û

ù ê ë

é

= å

=

-

n i

i n f

x f f x x x S

1

1

2 1

) ( ) ,..., , ( ( 28 ) where the generator f is a strictl ymonotone continuous function in the extended real line and satisfying :

0 ) 1 ( ) ( = - + x f x f ( 29 )

In this case, we obtain an associ ative s ymm etric sum. If the range of f is [- ¥ ,+ ¥ ], then we obtain the associ ativityon [0,1] 2 \{(0,1),(1,0)}. In other words it is associative as long as we do not aggregate the values 0 and 1.

Chapter 2 : Mathematical operators

2.4 Ordered Weighted Averaging Operators

The Ordered Wei ghted Averaging Operators (OWA) were ori ginall yintroduced b y

Yager in [ 95 ] to provide a means for aggregating scores associated with the satisfaction of multiple criteria, which unifies in one operator the conjunctive and disjunctive behavior :

å

=

=

n j

j j n

x w x x x OWA

1

) ( 2 1

) , , , ( s

� ( 30 ) where s is a permutation that orders the el ements :

) ( ) 2 ( ) 1 ( n

x x x s s s

£ £ £

� . The

weights are all non negative ( w

i

³ 0) and their sum equals one ( 1

1

= å

= n

i i w ).

This operator has been proved to be ver yuseful, because of his versatility, and it is the

object of a book edited in 1997 b yYager and Kacprz yk [ 86 ].

The OWA operators provide a parameterized family of aggregation operators, which

include man yof the well -known operators such as the maximum, the minimum, the

k -order statistics, the median and the arithmetic mean. In order to obtain these

particular operators we should simplychoose particular weights (see Table 1 ).

OWA

Minimum

î í ì

¹ =

=

1 if 0

1

1

i w w

i

Maximum

î í ì

¹ =

=

n i w w

i n

if 0

1

Median

ï ï ï

î ï ï ï

í ì

=

= =

=

+

+

else. 0 even is if

2

1

and

2

1 odd is if 1

1

2 2

2

1

i n n n

w n w w n w

k -order statistics

î í ì

¹ =

=

k i w w

i k

if 0

1

Arithmetic mean i

n w

i

" = for

1

Table 1 . Particular cases of OWA

The Aggregation Operators

The Ordered Weighted Averaging operators are commutative, monotone, idempotent,

theyare stable for positive linear transformations and the yhave a compensator y

behavior. This last propert ytranslates the fact that the aggregation done b yan OWA

operator alwa ys is between the maximum and the minimum. Since this operator

generalizes the minimum and the maximum, it can be seen as a parameterized wa yto go

from the min to the max . In this context Yager introduced in [ 95 ] a degree of maxness

(initiallycalled orness), defined b y :

å å

= =

+ - -

-

× =

-

-

× = n

j j n

j j n n n j

w

n j n

w w w w maxness

1 1

1 2 1 1

1

1

) , , , ( � ( 31 )

We see that for the minimum, we have that maxness (1,0,�,0)=0 and for the maximum

maxness (0, �,0,1)=1.

Another operator was introduced b yYager [ 95 ] and used b yO’Hagan in [ 70 ] to

characterize a particular OWA. This degree describes the dispersion of the weights and

it is based on the idea of entrop y :

å

=

× - = n

j j j n w w w w w ispersion d

1

2 1

) ln( ) , , , ( � ( 32 )

One issue of considerable interest related to the use of these operators is the

development of an appropriate methodologyfor the derivation of the weights used in

the OWA aggregation. Two of the main approaches used are the following :

The first one introduced b yO’Hagan [ 70 ] makes use of the measure of maxness and the

measure of dispersion. In this approach we onlyrequired that the user provides a value

a Î [0,1] corresponding to the degree of maxness suited. The idea is to maximize the

dispersion of the weights under the constraint of a fixed maxness. The following

mathematical programming problem computes the weights, for a given a :

Maximize å

=

× - n

j j j w w

1

) ln( (dispersion)

Under the constraints :

- a =

-

-

× = å

= n

j j n n j

w w w w maxness

1

2 1 1

1

) , , , ( �

- 1

1

= å

= n

j j w

- 0 £ w

j

£ 1

Table 2 . Mathematical program that computes OWA weights

Chapter 2 : Mathematical operators

The second approach makes use of the knowledge of a linguistic quantifier to guide the

aggregation [ 99 ]. We are interested in regular increasing monotone quantifiers defined

by :

· Q (0) = 0 and Q (1) = 1.

· if x £ y then Q ( x ) £ Q ( y ) .

These quantifiers translate notions like most, almost all, many, at least half and some .

Figure 1 . Regular increasing monotone quantifier "at least k %"

On the basis of this kind of quantifiers Yager in [ 95 ] proposed to compute the weights

using the formula :

÷

ø ö

ç

è æ -

- ÷

ø ö

ç

è æ + -

=

n j n

Q

n j n

Q w

j

1

( 33 )

Using this approach we can define goal functions under the constraint :

Q criteria should be satisfied

To illustrate this approach, let us consider one limit case. For instance if we want that

"at least 100%" of the criteria to be satisfied, then we observe that the OWA operators is

the minimum. And when the minimum is satisfied all other criteria are satisfied.

1

1 0

0

k

The Aggregation Operators

2.5 Choquet & Sugeno discrete FuzzyIntegrals

2.5.1 Definitions

The fuzz yintegral with respect to a fuzz ymeasure has mainl ybeen studied in a

multicriteria decision making framework (see [ 47 ] and [ 45 ]). It is based on the notion of

a fuzz ymeasure, which can be viewed as the weight of importance of a set.

Mathematicall ywe define the fuzzy measure as follows :

Let us denote b y C = { c

1

,�, c

n

} the set of criteria, and P ( C ) the power set of C , i.e. the

set of all subsets of C. A fuzzy measure on C is a set function ]1,0[)(: ® C P m ,

satisfying the following axioms.

· 0 ) ( = Æ m and 1 ) ( = C m . Boundar yconditions

· for A , B Î P ( C ), if B A Ì then

( ) ( )

B A m m £ . Monotonicity

This kind of measure is more flexible than a probability, which is constrained b yits

additivitypropert y. In fact, the importance of two criteria in the probabilit yframework

cannot be an ything else than the sum of the individual importances, while the fuzz y

measures can provide a greater (superadditive measure) or a lower (subadditive

measure) value. This allows us to model interaction between criteria.

Now, using a fuzz ymeasure we introduce fuzz yintegrals :

The discrete Sugeno integral [ 80 ] of scores x

1

,�, x

n for criteria c

1

,�, c

n with respect

to a fuzz ymeasure

� , is defined b y :

( ) ( )

) ( , min max ) , , , (

) ( ) (

1

2 1 i i n

i n

C x x x x Sugeno

s s m m

=

= � ( 34 )

where s is a permutation that orders the elements :

) ( ) 2 ( ) 1 ( n x x x

s s s

£ £ £ � , where and

C

1 ( i )

={ c

1 ( i )

,�, c

1 ( n )

}.

The discrete Choquet integral [ 12 ] of scores x

1

,�, x

n for criteria c

1

,�, c

n with respect

to a fuzz ymeasure � , is defined b y :

å

=

-

× - = n

i i i i n

C x x x x x Choquet

1

) ( ) 1 ( ) ( 2 1

) ( ) ( ) , , , (

s s s m m � ( 35 )

with the same notation as above, and x

1 (0)

= 0.

An equivalent expression of ( 35 ) is

å

=

+

- × = n

i i i i n

C C x x x x Choquet

1

) 1 ( ) ( ) ( 2 1

)) ( ) ( ( ) , , , (

s s s m m m � ( 36 )

with Æ =

+ ) 1 ( n

C

s

.

Chapter 2 : Mathematical operators

2.5.2 Properties

Sugeno and Choquet integrals are interesting since the yare monotone, continuous,

idempotent operators, with a compensation behavior. The Choquet integral is stable

under positive linear transformation, while the Sugeno integral is stable under a similar

transformation with minimum and maximum replacing the product and the sum

respectivel y. This last propert ypoints out that the Sugeno integral is more suitable for

ordinal aggregation (where onl ythe order of the elements is important) while the

Choquet integral is suitable for cardinal aggregation (where the distance between the

numbers has a meaning).

The commutativityis onlyobtained when the fuzzymeasure just depends on the

cardinalit yof the sets, i.e. )()( B A m m = if card( A ) = card( B ). The associativityis

usuallynot satisfied.

The generalization capabilityof the Choquet and Sugeno integrals is remarkable. Both

contain the order statistics and in particular the minimum and the maximum. The

Choquet integral generalizes the weighted means and the OWA operator, while the

Sugeno integral generalizes the weighted minimum and the weighted maximum. In the

following table we present the corresponding measures in order to get a particular

operator (for details see [ 45 ], [ 47 ], [ 80 ]).

Sugeno integral

Minimum

î í ì

=

= =

otherwise 0 ) ( if 1 ) (

A

C A A

m m

Maximum

î í ì

=

Æ = =

otherwise 1 ) ( if 0 ) (

A

A A

m m

k -order statistics

î í ì

=

- £ =

otherwise 1 ) (

) ( if 0 ) (

A k n A card A

m m

Weighted minimum

{ } [ ]

) ( max 1 ) (

i

A x x A

i m m

Ï

- =

and

{ }

i i w x = ) ( m for all i

Weighted

maximum

{ } [ ]

) ( max ) (

i

A x x A

i m m

Î

=

and

{ }

i i w x = ) ( m for all i

Table 3 . Particular cases of the Sugeno Integral

The Aggregation Operators

Choquet integral

Minimum

î í ì

=

= =

otherwise 0 ) ( if 1 ) (

A

C A A

m m

Maximum

î í ì

=

Æ = =

otherwise 1 ) ( if 0 ) (

A

A A

m m

k -order statistics

î í ì

=

- £ =

otherwise 1 ) (

) ( if 0 ) (

A k n A card A

m m

Arithmetic mean

) (

) (

) (

C card

A card

A = m

Weighted mean

{ } å

Î

=

A x i

i x A ) ( ) ( m m

and

{ }

i i w x = ) ( m for all i

OWA å

-

=

-

=

1 ) (

0

) (

A card

j j n w A m

Table 4 . Particular cases of the Choquet Integral

The main problem in the use of Choquet or Sugeno integral (besides the fact that the y

are not associative and commutative) is the number 2 n of weights to be provided, for a

simple n criteria aggregation. These weights being nothing else than the characterization

of the fuzz ymeasure. A main aspect of the actual research is based on the methods to

determine or reduce the number of these weights. Some solutions have been proposed :

A first approach is to work on the measure, b ydefining (for instance) decomposable

measures. An interesting approach was proposed by Grabisch in [ 46 ], where he suggests

to use k -additive fuzz ymeasures. The idea is to define measures that are multilinear of

degree k , i.e. if card ( A ) > k then m ( A ) = 0. This approach allows to model the strength

of small coalitions and reduces the number of weights to å

= k

i i

n

1

C instead of 2 n . The case

of 2 -additive measure has been pointed out as particularl yinteresting. The number of

weights to establish is

2

2 n n +

, the measure being defined b y :

{ } { } å å

Î Ì

× - - =

A x i

A x x j i

i j i x A card x x A )( ) 2 ) ( ( ) , ( ) (

, m m m ( 37 )

Chapter 2 : Mathematical operators

Another approach is to determine the weights b ylearning on examples. The data being a

set of n -dimensional vectors : ),,,(

2 1 k

n k k x x x � and their corresponding aggregated

values : y

k

. Then we identifythe fuzz ymeasure b yminimizing the following error :

( ) 2

1

2 1

2 ) , , , ( å

=

- = l

k k k

n k k y x x x Choquet E �

m

( 38 )

It can be shown [ 47 ] that ( 38 ) can be put under a quadratic program form, that is

minimize uc Du u t t + ×

2

1

under the constraint 0 ³ + b Au

Table 5 . Quadratic program computing the

weights for a Choquet Integral

where u is the vector containing all the weights of the fuzz ymeasure.

It appears as an interesting solution, but if there is not enough data the matrices ma ybe

ill conditioned. In fact there must be at least

[ ]

2 )! 2 / (

!

n n

training vectors.

The Aggregation Operators

2.6 Fusion Operators

This section gives an overview of the group of specific operators dealing with

fusion. The authors of this operators were particularl yaware of the problem of the

reliabilityof the sources.

2.6.1 The Bayesian Appr o a c h

The idea in the Ba yesian approach is to estimate the most probable " x "

knowing that we observed " x

1

" from source 1 and " x

2

" from source 2. Mathematically

we are looking for the maximum of the a posteriori probability ),(

2 1 x x x P .

The a posteriori probabilitycan be derived using the Ba yes theorem and

knowing the value of the a priori probability ),(

2 1 x x x P :

) , (

) ( ) , (

) , (

2 1

2 1

2 1 x x P x P x x x P

x x x P

×

= ( 39 )

If we assume that the sources are independent, we obtain the most usual

Ba yesian fusion formula :

) , (

) ( ) ( ) (

) , (

2 1

2 1

2 1 x x P x P x x P x x P

x x x P

× ×

= ( 40 )

Note that the a priori probabilities )(

1 x x P and ) (

2 x x P can be seen as the

credibilityof the source (expert). The yactuall ytranslate the probabilit yof source 1 (and

source 2) to observe x

1

(and x

2

), given the "real value" x .

The main default of this method is that the a priori probabilities are not eas yto

obtain. Also some critics come from the independence assumption. Some solutions are

reviewed in [ 14 ].

2.6.2 Possibilistic approa c h e s

The first idea is to modify directl ythe information provided bythe source

given its reliability. Let a be the degree of certainty that a given source is reliable, then

Yager [ 92 ] (also Prade [ 72 ]) proposes to modifythe possibilitydistribution p provided

bythe source, using the operator :

. � 1 max(

. - 1 .

� � + * = ¢ ( 42 )

where * stands for minimum, product or linear product (max(0,a+b-1).

Another point of view is to consider that the reliabilityof the sources imply

priorities in the aggregation. The idea of a prioritized fusion is to accept the conjunctive

merging of information from a reliable source 1 and source 2 as long as the data coming

from the second is consistent with the former. In case of inconsistenc y, the information

given b ythe less reliable is simplydiscarded. If p

1 is obtained from source 1 and p

2

from source 2, the degree of consistenc yof p

1 and p

2 is defined b y :

( )

(x)) � ), ( min( � sup ) � , ( �

2 1 2 1 x h

x

= ( 43 )

and the following prioritized conjunction has been proposed b yDubois and Prade [ 37 ]

(see also Yager [ 94 ]) :

))) � , ( � 1 , � max( , � min( �

2 1 2 1 2 1 h - =

Ù

( 44 )

Note that when h ( p

1, p

2

) =0, source 1 contradicts source 2 and the onl yopinion of

source 1 is retained (i.e. p

1

), while if h ( p

1 , p

2

) =1 we have the minimum, which is a

conjunction.

The disjunctive counterpart of this prioritized operator has been proposed b yDubois

and Prade [ 38 ] :

))) � , ( � , � min( , � max( �

2 1 2 1 2 1 h =

Ú

( 45 )

The effect of this operator is to truncate the information supplied b ythe less prioritar y

source, while disjunctivel ycombined with source 1. Again if the two sources disagree

( h ( p

1, p

2

) =0) then we have p

1

; if h ( p

1 , p

2

) =1 then we have the maximum of p

1 and p

2

.

A ver ycomplete overview of the possibilistic fusion is offered in [ 36 ].

The Aggregation Operators

2.7 T -norms and t -conorms

The concept of a triangular norm was introduced byMenger [ 66 ] in order to

generalize the triangular inequalit yof a metric. The current notion of a t -norm and its

dual operator (t -conorm) is du e to Schweizer and Sklar [ 75 ] [ 74 ]. Both of these

operations can also be used as a generalization of the Boolean logic connectives to

multi -valued logic. The t -norms generalize the conjunctive ’AND’ ope rator and the

t -conorms generalize the disjunctive ’OR ’ operator. This situation allows them to be

used to define the intersection and union operations in fuzz ylogic. This possibilitywas

first noted byHohle [ 51 ]. Klement [ 56 ], Dubois and Prade [ 30 ] and Alsina, Trillas, and

Valverde [ 4 ] ver yearl yappreciated the possibilities of this generalization. Bonissone

[ 6 ] investigated the properties of these operators with the goal of using them in the

development of intelligent systems. t -norm and t -conorms have been well -studied and

ver ygood overviews and classifications of these operators can be found in the literature,

see [ 57 ], [ 31 ]. A particular complete work is presented in a book [ 54 ] explicitly

dedicated to these operators.

2.7.1 Definitions

t -norm : A t -norm is a function T : [0,1]x[0,1] ® [0,1], having the following properties

· T ( x,y ) = T ( y,x ) (T1) Commutativity

· T ( x,y ) £ T ( u,v ) , if x £ u and y £ v (T2) Monotonicity (increasing)

· T ( x,T ( y,z )) = T ( T ( x,y ) ,z ) (T3) Associativity

· T ( x,1 ) = x (T4) One as a neutral element

A well known propertyof t -norms is :

· T ( x,y ) £ min ( x,y ) ( 46 )

Proof : Using the monotonicity(T2) and axiom T4, we have T ( x,y ) £ T ( x, 1) = x and

using the commutativitywe have T ( x,y ) £ T (1 ,y ) = y . So, T ( x,y ) £ min ( x,y ) .

t -conorm : Formall y, a t -cono rm is a function S : [0,1]x[0,1] ® [0,1], having the

following properties :

· S ( x,y ) = S ( y,x ) (S1) Commutativity

· S ( x,y ) £ S ( u,v ) , if x £ u and y £ v (S2) Monotonicity (increasing)

· S ( x,S ( y,z )) = S ( S ( x,y ) ,z ) (S3) Associativity

· S ( x,0 ) = x (S4) Zero as a neutral element

A well known propertyof t -conorms is :

· S ( x,y ) ³ Max ( x,y ) ( 47 )

It is actuallya consequence of axioms (S1, S2, S4).

Chapter 2 : Mathematical operators

2.7.2 Dual t -norms and t -c o n o r ms

We saythat a t -norm and a t -conorm are dual (or associated) i f the ysatisf ythe

DeMorgan law.

· ( )

( )

y x S y x T , , = (the DeMorgan law)

where the line over the expression means the negation of the expression. We will use

the most typical negation defined b y :

· x x - = 1 (negation)

2.7.3 Examples

The definitions of t -norms and t -conorms are alwa ys given for onlytwo elements, since

these operators are b ydefinition associative and in this case the generalization to n

elements is trivial. The more common t -norms and their dual t -conorms are :

t -norm t -conorm

Min -Max

( )

y x , min

( )

y x , max

Probabilistic y x × y x y x × - +

Lukasiewicz

( )

0 , 1 max - + y x

( )

1 , min y x +

Drastic

ï

î ï

í ì

=

=

else anywhere 0

1 if

1 if

x y y x

ï

î ï

í ì

=

=

else anywhere 1

0 if

0 if

x y y x

Table 6 . Common t -norms and their dual t -conorms

We would like to insist here in some important particularities of these t -norms and

t -conorms :

The minimum is the biggest t -norm (i.e. when using the min , we obtain a higher value

than when using an yother t -norm). It is also the onlyidempotent t -norm. Its dual is also

idempotent and it is the smallest t -conorm.

The probabilistic case has the nice propertyto be "smooth". This can be translated

mathematicallythrough a continuous derivative.

The Lukasiewicz t -norm satisfies the classical logical law of non -contradiction (i.e.

( )

0 , = x x T ). And its dual the Lukasiewicz t -conorm satisfies the classical logical law of

the excluded middle (i.e.

( )

1 , = x x S ).

The drastic case is interesting onl yfrom the mathematical point of view. These

operators give the values 0 or 1 except when the yare forced b ythe axioms. Theyare

not continuous. The main interesting aspect is that the drastic t -norm is the smallest

t -norm and the drastic t -conorm is the biggest t -conorm.

The Aggregation Operators

A main result is that we can construct an ycontinuous t -norm byusing the precedent

t -norms and the equivalent result exists for the continuous t -conorms.

2.7.4 Parameterized t -no r m s and t -conorms

We have also parameterized t -norms and t -conorms. As special cases we obtain some of

the precedent t -norms and t -conorms :

t -norm t -conorm

Hamach er ( 0)

) ( ) 1 ( yx y x y x

× - + × - +

×

g g y x y x y x y x

× × - -

× × - - × - +

) 1 ( 1

) 1 (

g g

Yager ( p > 0)

( ) ( )

[ ]

÷

ø ö

ç

è æ

- + - - 0 , 1 1 1 max

1

p p p y x

[ ]

÷

ø ö

ç

è æ

+ 1 , min

1

p p p y x

Weber -Sugeno

�

�

T ,

�

S

>-1)

÷

÷

ø ö

ç ç

è æ

+

× × + - +

0 ,

1

1

max

T

T y x y x

l l ( )

1 , min yx y x

S

× × + + l

Schweizer

& Sklar (q>0)

[ ]

q q q q q y x y x

1

) 1 ( ) 1 ( ) 1 ( ) 1 ( 1 - - - - + - -

[ ]

q q q q q y x y x

1

- +

Frank ( s > 0, s 1) ú

û ù

ê

ë é

-

- × -

+

1

) 1 ( ) 1 (

1 log

s s s y x

s ú

û ù

ê

ë é

-

- × -

+ -

- -

1

) 1 ( ) 1 (

1 log 1

1 1

s s s y x

s

Table 7 . Parameterized t -norms and t -conorms.

It is to notice that the precedent t -norms and t -conorms are dual, besides in the

Weber -Sugeno case. In this last case, the dualityis satisfied if the parameters satisfy

T

T

S l l

l

+

=

1

.

2.7.5 The Archimedean t -n o r ms and t -conorms

A t-norm T is called Archimedean if for each ( x,y ) Î ]0,1[ 2 there is an number n so that :

y x x T

n

<

-

) , , (

times

�

( 48 )

The subset of continuous Archimedean t-norms (and t-conorms) is particularl y interesting because the ycan be represented b ymeans of a single function that we will call the additive generator. It can be shown that for ever ycontinuous Archimedean t -norm T , there exists a continuous decreasing function f such that :

Chapter 2 : Mathematical operators

( )

÷ ø

ö ç è

æ

= å

=

-

n i

i n

x f f x x T

1

) 1 (

1

) , , ( � ( 49 ) with

[ ]

+¥ ® , 0 ] 1 , 0 [ : f satisfying f (1)=0 and f

( -1) is the pseudo inverse of f , defined b y :

( )

( ) [ ]

] ] î

í

ì

+¥ Î

Î

=

-

-

), 0 ( if 0

) 0 ( , 0 if 1

) 1 ( f z

f z z f z f ( 50 )

An equivalent theorem exists for the t -conorms.

In Table 7 we present the most common continuous Archimedean t -norms and t -conorms and the corresponding ad ditive generators. We present two simple t -norms and t -conorms and two parameterized families. For a complete overview see [ 57 ].

Usual representation Additive generator: )( uf t -norm y x × ) ln( u -

Probabilistic t -conorm y x y x × - + ( ) u - - 1 ln t -norm

( )

0 , 1 max - + y x u - 1

Lukasiewicz t -conorm

( )

1 , min y x + u for 0 > g :

( ) ÷

÷ ø

ö ç

ç è

æ

× - +

× - u

u g g g 1

ln

1 t -norm

) ( ) 1 ( yx y x

y x

× - + × - +

× g g for 0 = g :

u

u - 1 for 0 > g :

( ) ( ) ÷

÷ ø

ö ç

ç è

æ

- × - +

-

× - u

u

1 1

1 ln

1 g g g

Hamacher t -conorm y x

y x y x y x

× × - -

× × - - × - +

) 1 ( 1

) 1 ( g

g for 0 = g :

u

u

- 1 t -norm

( ) ( )

[ ]

÷ ø

ö ç è

æ

- + - - 0 , 1 1 1 max

1 p p p y x p u ) 1 ( -

Yager t -conorm

[ ]

÷ ø

ö ç è

æ

+ 1 , min

1 p p p y x pu

Table 8 . T -norms and t -conorms and their additive generators.

Note : the minimum and the maximum are not Archimedean, but the ycan be limit cases of Archimedean parameterized cases.

The Aggregation Operators

2.8 CompensatoryOperators

Several authors noticed that t -norms and t -conorm s lack of compensation behavior and that this particular propertyseems crucial in the aggregation process. One of the first authors to notice this were Zimmermann and Zysno [ 101 ]. Theydiscover that in a decision making context humans do not follow exactlythe behavior of a t -norm (nor of a t -conorm) when aggregating. In order to get closer to the human aggregation process, theyproposed an operator on the unit interval based on t -norms and t -conorms :

( )

g g g

÷

÷ ø

ö ç

ç è

æ

- - ×

÷

÷ ø

ö ç

ç è

æ

= Õ Õ

=

-

=

n i

i

n i

i n

x x x x Z

1

1

1

1

) 1 ( 1 , , � ( 51 )

Here the parameter

� indicates the degree of compensation. This operator is a particular

case of the exponential compensatory operators [ 83 ] :

( ) ( ) ( ) g g

g

) , , ( ) , , ( , ,

1

1

1 1

,

n n n

S T x x S x x T x x E � � � × = - ( 52 )

where T is a t -norm and S a t -conorm.

It is important to notice that the exponential compensator yoperators are not associative

for � different from 0 or 1.

Another class of non -associative t -norm and t -conorm -based compensator yoperator is

the convex -linear compensatory operator [ 83 ], [ 63 ] :

( ) ( )

) , , ( ) , , ( 1 , ,

1 1 1

,

n n n

S T x x S x x T x x L � � � × + × - = g g

g

( 53 )

Setting the value of the parameter � is a delicate issue. Zimmerman and Zysno

calculated the best � to match the human behavior. Yager and R ybalov proposed in [ 87 ]

and [ 93 ] a method based on fuzz ymodeling techniques to compute the parameter � :

( )

( ) ( )

n n n

x x T x x T x x T

- - +

=

1 , , 1 , ,

, ,

1 1

1

� �

�

g ( 54 )

where

( )

n x x T , ,

1

� is called the highness and

( )

n x x T - - 1 , , 1

1

� the lowness.

Another approach to the construction of compensator yoperators based on t -norms and

t -conorms was taken b yKlement, Mesiar and Pap [ 55 ]. Theybased their construction

on the additive generators of continuous Archimedean t -norms and t -conorms. Their

associative compensatory operator is defined b y :

C ( x , y ) = f -1 ( f ( x ) + f ( y ) ) ( 55 )

where the function f is defined b y :

Chapter 2 : Mathematical operators

ï ï

î ï ï

í ì

³ ÷

ø ö

ç

è æ

-

-

£ ÷

ø ö

ç

è æ

-

=

e x if

e e x

h e x if

e x

g

x f

1

) ( ( 56 )

where g is an additive generator of a t -norm, h is an additive generator of a t -conorm

and e is a neutral element. It is to notice that this operator is a particular case of

uninorms (see next section 2.9).

The Aggregation Operators

2.9 Uninorms

T -norms and t -conorms pla ya notable role in fuzz ylogic theor y, unfortunately these

operators do not admit a compensating behavior. In fact t -norms do not allow low

values to be compensated b yhigh values and t -conorms do not allow high values to be

compensated b ylow values (see [ 87 ]). For this reason Fodor, Yager and R ybalov

introduced in [ 43 ] (see also [ 91 ]) the familyof uniform aggregation operators

(uninorm), as a generalization of both t -norm and t -conorm. This operator has a neutral

element la ying an ywhere in the unit interval rather than at one or zero as for the t -norms

and t -conorms respectively.

2.9.1 Definition

Formall y, a uninorm is a function U : [0,1]x[0,1] ® [0,1], having the following

properties :

· U ( x,y ) = U ( y,x ) (U1)

Commu tativity

· U ( x,y ) £ U ( u,v ) , if x £ u and y £ v (U2) Monotonicity (increasing)

· U ( x,U ( y,z )) = U ( U ( x,y ) ,z ) (U3) Associativity

·

[ ] [ ]

x e x U x e = Î " Î $ ) , ( 1 , 0 1 , 0 (U4) e is the neutral elemen t

We see that the first three properties (U1, U2, U3) are common to uninorms, t -norms

and t -conorms, but the fourth condition U4 is more general in the case of uninorms, in

that it allows anyvalue for the identity. These properties seem to be interesting for

aggregation purposes. In fact, the commutativitytranslates the propert yof an operator to

give the same result independentl yof the order of the values to be aggregated. The

monotonicitytranslates the fact that if one of the aggregated element augments its value,

then the aggregated value at least does not decrease. The associativityimposes to the

operator the propert yof accepting the aggregation b ygroups. With an associative

operator we can aggregate b ygroups and then aggregate all the groups and obtain the

same result as when aggregating all the elements directl y. The associativityis also

interesting when aggregating new information, in that case we would not need to

re -compute the aggregation with all the arguments, but simplyaggregate the old

calculated value with the new one. Finally, the neutral element is interesting, because it

can be considered as the score that we would give to an argument, which should not

have an yinfluence in the aggregation. It is somehow a null vote.

2.9.2 Other Properties

One characteristic of man yt ypes of human information processing, which was pointed

out byElkan [ 41 ], is what we shall call full reinforcement . Yager shows in [ 87 ] that

the uninorms have a full reinforcement behavior, if the neutral element e is different to

zero or one. In fact, a uninorm having e =1 as a neutral element is a t -norm, and a

t -conorm for e =0.

If we now take a look more precisel yat the uninorms we discover that a uninorm

behaves as a t -norm in the square [0, e ] 2 and as a t -conorm on the square [ e ,1] 2 . In fact,

Chapter 2 : Mathematical operators

De Baets and Fodor showed in [ 16 ] that to anyuninorm with neutral element e Î ]0,1[,

there corresponds a t -norm T and a t -conorm S such that :

( ) [ ]

÷

ø ö

ç

è æ

× = Î "

e y

e x

T e y x U e y x , ) , ( , 0 , 2 ( 57 )

( ) [ ]

÷

ø ö

ç

è æ

-

-

-

-

× - + = Î "

e e y

e e x

S e e y x U e y x

1

,

1

) 1 ( ) , ( 1 , , 2 ( 58 )

Another interesting propert yis the compensation behavior . Neither the t -norms nor the

t -co norms present a compensation behavior. De Baets and Fodor showed in [ 16 ] that on

[ [ ] ] ] ] [ [

e e e e ,0 1 , 1 , , 0 ´ ´ � anyuninorm U satisfies :

( )

y x y x U y x , max ) , ( ) , min( £ £ , ( 59 )

In other words uninorms show partiallya compensating behavior. This propert yis

particularl yinteresting when we think about the fact that if we use a t -norm the

occurrence of an input small positive value would mean that the result is small, no

matter what the other inputs are. The ycan for instance all equal one. A uninorm will

allow to compensate these low values with other high values. We notice that as for the

t -norms, the t -conorms do not have a compensating behavior. The appearance of a high

value (i.e. close to one) will not be compensated using a t -conorm.

2.9.3 Minimal and maximal uninorms

We first note that for e = 1 or e = 0, there exists a large class of such uninorms

(corresponding to the t -norms and t -conorms respectively). However, for the purpose of

finding full reinforcement operators we need uninorms with neutral element other than 1

or 0. In [ 43 ] Fodor, Yager and R ybalov introduced two general classes of uninorms for

any e . We will call them the minimal uninorms and the maximal uninorms.

The minimal uninorm is the weakest uninorm U given a t -norm T , a t -conorm S and a

neutral element e. This operator will be defined b y :

( )

( )

ï ï ï

î ï ï ï

í ì

³ ³ ÷

ø ö

ç

è æ

-

-

-

-

× - +

£ £ ÷

ø ö

ç

è æ

×

=

elsewhere y x e y and e x for

e e y

e e x

S e e e y and e x for

e y

e x

T e

y x U

, min

1

,

1

) 1 (

,

,

min

( 60 )

The maximal uninorm is the strongest uninorm U given a t -nor m T , a t -conorm S and a

neutral element e. This operator will be defined b y :

The Aggregation Operators

( )

( )

ï ï ï

î ï ï ï

í ì

³ ³ ÷

ø ö

ç

è æ

-

-

-

-

× - +

£ £ ÷

ø ö

ç

è æ

×

=

elsewhere y x e y and e x for

e e y

e e x

S e e e y and e x for

e y

e x

T e

y x U

, max

1

,

1

) 1 (

,

,

max

( 61 )

We observe that the two families satisfyall the properties announced before, besides the

compensation behavior, because we have a min or a max operator elsewhere. Another

great disadvantage of these uninorms is that theyhave discontinuities around the neutral

element. In fact for the maximal uninorm for any a < e , we have the following :

when we approach with values smaller than the neutral element, we have :

( )

a

e a

e

e x

e a

T e e x a U = × = ÷

ø ö

ç

è æ

® × = ® - 1 , ,

max

( 62 )

and when we approach with values greater than the neutral element we have :

( ) ( )

e e x a e x a U = ® = ® + + , max ,

max

( 63 )

Comparing ( 62 ) and ( 63 ) we see that the value of the uninorm springs from a < e to e,

when we go from a little bit smaller than e to a little bit bigger than e .

In an analogous wa y, we have for the conjunctive uninorm for an y a > e :

when we approach with values greater than the neutral element :

( ) ( ) ( )

a

e e a

e e

e e x

e e a

S e e e x a U =

-

-

× - + = ÷

ø ö

ç

è æ

®

-

-

-

-

× - + = ® +

1

1 0

1

,

1

1 ,

min

( 64 )

and when we approach with values smaller than the neutral element we have :

( ) ( )

e e x a e x a U = ® = ® - - , min ,

min

( 65 )

Comparing ( 64 ) and ( 65 ) we see that the value of the uninorm springs from a > e to e,

when we go from a little bit bigger than e to a little bit smaller than e .

Chapter 2 : Mathematical operators

2.9.4 Generated uninorms

In [ 43 ] Fodor, Yager and R ybalov showed the following additive generated

representation theorem, which gives an almost continuous uninorm :

Suppose U is continuous on [0,1] 2 \{(0,1),(1,0)} with neutral element e Î ]0,1[. Then

there exists a strictlyincreasing continuous function g :[0,1] ® [ - ¥ ,+ ¥ ], with g ( e )=0

such that the representation

( ) ( ) ( )

) ( ) ( , 1 y g x g g y x U + = - ( 66 )

holds if and onlyif the following two conditions are satisfied :

· U is strictlyincreasing on the open unit square.

· U is self -dual with respect to a strong negation N with fixed point e.

In this case g (0)= - ¥ , g (1)= + ¥ and g

( -1) = g -1 .

We remark that generated uninorms were alread yintroduced as an interesting class of

aggregation operators b yKlement, Mesiar and Pap in [ 54 ], and were called the

associative compensatory operator (see compensator yoperators in section 2.8). Also

Dombi [ 29 ] arrived to the same construction when presenting his aggregative

operator .

2.8.5 Nullnorms

Nullnorms were found as solutions of the Frank equation for uninorms [ 11 ] :

( ) ( )

y x y x N y x U + = + , , ( 67 )

From this follows that a nullnorm N is a commutative, associative and increasing

operator, with an absorbent element a Î [0,1] and that satisfies xxNa x = Î " ) 0 , ( ] , 0 [

and x x N a x = Î " ) 1 , ( ] 1 , [ .

It can be shown that a nullnorm can be written under the following form :

( )

ï ï ï

î ï ï ï

í ì

³ ³ ÷

ø ö

ç

è æ

-

-

-

-

× - +

£ £ ÷

ø ö

ç

è æ

×

=

elsewhere a a y and a x for

a a y

a a x

T a a a y and a x for

a y

a x

S a

y x N

1

,

1

) 1 (

,

, ( 68 )

From this it is clear that this class contains t-norms (for a =0) and t-conorms (for a =1)

as special cases.

Second Part

Studying the Aggregation

of Uncertain Information

In this second part we present the new developments we propose for the aggregation

operators. We base our work on the operators presented in the first part.

We start in chapter 3 bystud ying how the different t -norms and t -conorms aggregate

the uncertain. The idea is to focus our anal ysis on just one point, the "most fuzz y" one.

This approach gives as a first result a classification method and as a second one, an

interesting wa yof normalization of the parameters of the parameterized t -norms and

t -conorm families. This new parameterization giving not onl ya meaning to the

parameters, but also a common scale of work.

The results of the previous studysuggested that the different t -norm s and t -conorms

have different attitudes with respect to the uncertaint y. These attitudes are a more or less

relaxed aggregation of the arguments (i.e. a higher or lower result for the same "to be

aggregated" set). Based on this and on the observation that several aggregation

operators were created by some simple mathematical operation, we stud yin chapter 4 a

wa yof creating new operators b yreducing t -norms and augmenting t -conorms.

Unfortunatel ywe notice that the resulting operators are not in general t -norms (or

t -conorms), because the ywere not associative. We finish the chapter b yshowing the

example of the non -associative "Yager t -norm" -like operator, which illustrates the fact

that these kind of constructions ma ybe interesting.

The prior studies on t -norms and t -conorms pointed out that the purpose of this

aggregation is to compute the truth value of a logical phrase. In chapter 5 we are

interested in the aggregation of different truth values observed for the same logical

phrase. We propose an axiom set for the aggregation of truth values, which leads to the

characterization of two truth -aggregation families, a prudent and an enthusiastic. The

first one has a cautious attitude choosing between two observed values the one which is

more uncertain. The second one has an enthusiastic behavior and will reinforce the result if twice the truth or twice the falsityis observed. When observing falsityand truth

the operator gives a compensated value. We finish the chapter b yexpounding the use of

these operators and their relationship with the traditionallyused truth -aggregation

operators : the t -norms and t -conorms.

A main result of aggregation of truth and falsityvalues, presented in chapter 5 is the

following : on the one hand we have a prudent aggregatio n that tends to the ignorance.

So, if we repeat the aggregation several times, we are going quickl yto finish with

"total" ignorance at the end. On the other hand we have an enthusiastic aggregation

operator that is in general not continuous. We proposed an almost continuous solution

based in an additive generated operator. So, in chapter 6 we propose a new framework

(philosophy) for additive generated operators. This time we do not base our work on an

axiomatic set but on the metaphor of a balance. We use a metaphor in order to allow

intuitive representation (visualization) of the operator (section 6.4). Pushing further the

established analogy, we also discover the notion of the sensitivityof an operator.

But the visualization is not the onlyuse of the metaphor. In the second part of chapter 6

(section 6.5), we present a guide of how to construct an aggregation operator, using the

balance. The metaphor allowing this time to make the right choices while conceiving an

aggregation operator.

It is remarkable that the balance not onl ygeneralizes most of the aggregation operators

presented in chapter 2, but also that it offers a larger framework that allows the

interpretation not mathematical friendl yproperties, as for instance a non continuous

additive generator. The balance framework also opens new perspectives for further

research, in particular on new kind of weight association.

Chapter 3

Aggregating Uncertaint y

bymeans of t -norms

and t -conorms

One goal of fuzzy logic is to extend the classical binarylogic. When we talk about

"fuzz y", we think about something between falsityand truth. If we denote the value

truth byone and the value of false b yzero, what is then more fuzz y, more central

than 1/2? In fact, one of the first studies on multi-valued logic was done b y

Lukasiewicz, who originallyworked with 3 truth values : 0, 1/2 and 1.

Important components of logic are the logical operators like negation, conjunction,

disjunction and implication. In extending the binary logic to fuzz ylogic an

interesting and central question concerns the behavior of these logical operators at

this middle point of truth -value. In this chapter we investigate this question.

T -norms and t -conorms were introduced to define the intersection and the union

(respectively) of fuzz ysets. But these operations can also be used as a generalization

of the boolean logic connectives. T -norms generalize the conjunctive ’AND’ operator

and t -conorms generalize the disjunctive ’OR’ operator. We start here on the results

presented in section 2.7. In this chapter we concentrate our attention in these two

particular aggregation operators.

In order to stud ythe t -norms at the "most fuzz y" point we will studythe t -norms on

(1/2,1/2). We show, taking into account the definitional constraints, how central this

point is. We also indicate that defining a t -norm on this point can be a natural step

after fulfilling the classical logic constraints. These results push us to suggest that

t -norms can be classified observing their image on the (1/2,1/2) point. We consider

some usual t -norms. We pursuit our studyb yobserving what happens in the case of

parameterized t -norms. We consider three different families.

Finallybased on the presented classification method, we propose a uniform method

for computing the parameters. This method allows not onl yto have the same

parameter scale for all the families, but it also gives an intuitional sense to the

parameters. The parameter is the expected value for the most uncertain aggregation.

Studying the Operators

3.1 The middle point for a t -norms

Let us here focus on the t -norms, but keeping in mind that analogous observations could

be made for the t -conorms based on the dualit ybetween these operators.

We recall (see section 2.7.1) that formall y, a t -norm T : [0,1] x [0,1] ® [0,1], which is a

continuous, monotone, associative and has the unityas neutral element.

A first deduction that can be made from this is :

T ( a,0 ) = 0 ( 69 )

Proof : We know that T ( a,0 ) Î [ 0,1], so 0 £ T ( a,0 ). And using axiom T2 (monotonicity)

and T4 we have T ( a,0 ) £ T (1 , 0) = 0, since a £ 1.

Another (well -known) propert yassociated with this operator is T ( a,b ) £ min ( a,b ) , and

so, T ( a,a ) £ a . Viewed as a logical connective, ’AND’ operator, the t -norm has the

general tendenc yof making truth decrease.

Using the commutativitypropert y, we have the boundar yproperties :

· T ( a,1 ) = a

· T ( 1,a ) = a

· T ( a,0 ) = 0

· T ( 0,a ) = 0

(B1) = axiom T4

(B2)

(B3)

(B4)

In other words the t -norms are completel ydefined on the edges of the unit square as

shown in Figure 2 .

Figure 2 : Definition of t -norms on edges of the unit square a

T ( a , b ) b

1

0

1

0

T ( a,1 )  = a

T ( 0,b )  = 0

T ( a,0 )  = 0

T ( 1,b )  = b

Chapter 3  : Stud ying t -norms and t -conorms

We notice that the vertices of the unit square correspond to the arguments of the

classical binar y logic and here the t -norm emulates the classical ’AND’ operator  :

                                                 ·
                                                          T (1,1) = 1 is the value of  "True AND True" = "True"

                                                 ·
                                                          T (1,0) = 0 is the value of  "True AND False" = "False"

                                                 ·
                                                          T (0,1) = 0 is the value of  "False AND True" = "False"

                                                 ·
                                                          T (0,0) = 0 is the value of  "False AND False" = "False"

                                                                            Figure 3  : Definition of t -norms on the vertices of the unit square

3.1.1  The middle point

As noted the t -norms are constrained not onl y to follow the classical behavior at vertices

of the unit square, but also to satisf y the limit properties (B1 -B4), on the edges of the

unit square. We observe that in the middle area of the unit square we have the freedom

of choice. It is in this area that we distinguish between different t -norm operators. An

interesting point in this middle area, because of its central position is the point (1/2,1/2).

We know that it is the gravitational center of the square, it is also the intersection  of the

diagonals, the intersection  of the middle lines and the bar ycenter of the e dges of the

square (the classical points). It can also be shown that it is the point of the unit square

that is at the maximal distance from the points of the border. In other words it is the

"most distant" point of the alread y defined points and therefore it should be a useful

point to characterize t -norm operators.

We can also attach a sense to this point. The value 1/2 is exactl y the point between

False (0 point) and True (1 point). So studying the image of the point (1/2, 1/2) we are

examining the behavior of the t -norm on the more fuzz y point. More particularly if a is

a truth value then  Fuz ( a ) = 1 -| a -( 1 - a ) | measures the degree of fuzziness of the value a .

The degree of fuzziness for a pair of points ( a,b ) can be measured as the average of the

two, Fuz ( a )  = 1/2 ( Fuz ( a )  + Fuz ( b )  ). Thus on (1/2, 1/2) we are dealing with the most

confused situation. It appears that specif ying the value of a t -norm would be ver y useful

to characterize a t -norm.

a

T ( a , b )
b

T (1,1) = 1

T (0,1) = 1

T (1,0) = 0

T (0,0) = 0

 Studying the Operators

3.1.2  Usual t -norms

Let us now take a look at what the image of (1/2, 1/2) for some of the most typical

t -norms (see section  2.7.3). First we note that while we have some freedom in selecting

T (1/2, 1/2) we have some restriction. In particular we note that T (1/2, 1/2)

£
 T (1, 1/2) =

1/2 and    T (1/2, 1/2)

³
 T (0, 1/2) = 0, thus T (1/2, 1/2)

Î
 [0,1/2]. We see that the common

t -norms have different values for the image of (1/2, 1/2). The most common t -norm is

the minimum t -norm defined by  :

( ) ( )

b
a
b
a

                                                                                     T ,
min

,

                                                                                              minimum

=

( 70 )

We observe of course that all the conditions (B1 -B4) are fulfilled. The value of this

t -norm at the point (1/2, 1/2) is 1/2. This operator takes the most uncertain truth -value.

Actually this is the largest possible value we can get at the point (1/2, 1/2).

Consider now the probabilistic t -norm, defined b y  :

( )

b
a
b
a

                                                                                     T

×

=
,

tic

                                                                                              probabilis

( 71 )

The value of this t -norm at the point (1/2, 1/2) is 1/4.

Another interesting case is the Lukasiewicz t -norm, defined b y  :

( ) ( )

0

,

1
max

,

z

                                                                                              Lukasiewic

-

+

=
b
a
b
a

                                                                                     T
( 72 )

Here the middle value is 0. And of course the limit points are fulfilled.

It would be nice if we could uniquel y define a t -norm b y giving its middle value. But

things are not so eas y. In fact we can have quite different t -norms for the same

T (1/2,1/2) value. A ver y good example is the Lukasiewicz t -norm ( 72 )  and the drastic

t -norm defined b y  :

( )

ï

î
ï

í
ì

=

=

=

else
anywhere

0

1
if

1
if

,

                                                                                              drastic
a
b
b
a

b
a

                                                                                     T
( 73 )

In both cases the middle point value equals 0.

As indicated above T (1/2,1/2) is a value of the [0,1/2] interval. And this interval cannot

be reduced, since we have shown an example for each extreme.

While we have shown that in general it is not possible to uniquely specif y a t -norm b y

indicating its value at the middle point, for some classes of t -norms the specification of

the middle can be used to uniquel y identif y a t -norm. In agreement with this goal we

shall look at some parameterized t -norms.

Chapter 3  : Stud ying t -norms and t -conorms

3.2  Parameterized t -norms

Considerable interest in the literature on t -norms has focused on the stud y of

parameterized families of t -norms. Klir and Folger [ 41 ] provide a comprehensive list of

families of parameterized t -norms. We are going to stud y here just three families  : the

Hamacher, the Weber -Sugeno and the Yager t -norms.

3.2.1  Hamacher

The Hamacher t -norms [ 48 ] are defined for
g

³
 0 b y  :

( )

)

(

)

1

(

,

                                                                                              Hamacher

b
a
b
a
b
a

b
a

                                                                                     T

×

-

+

×

-

+

×

=

g
g

( 74 )

This equation is reduced in the middle point to  :

( )

3

1

)

1

(

3

4

1

2

1

,

2

1

                                                                                              Hamacher
+

=

-

×

+

×

=

g
g
g

                                                                                     T

( 75 )

If we plot the value of T (1/2,1/2) we obtain the following graph  :

                                          Figure 4  : T (1/2,1/2)  for different parameter values of the Hamacher t -norm

We see that  T (1/2,1/2) varies between 0 and 1/3. So we can onl y obtain t -norms with the

middle point in this domain. We see that it is a bijection in this region. It means that for

each

                                   g
                                           we have a unique value of T (1/2,1/2) and vice -versa for each value of T (1/2,1/2)

we can find a

                                                                                             g
                                                                                                    . The formula that allows us to obtain
g
 from the middle point value is  :

0

                                                                                                          0.05

                                                                                                          0.1

                                                                                                          0.15

                                                                                                          0.2

                                                                                                          0.25

                                                                                                          0.3

                                                                                                          0.35

0 20 40
g

T (1/2,1/2)

                                                                                    Studying the Operators

3

)

2

1

,

2

1

(

1

-

=

T
g

( 76 )

                                                                                   We see that this formula allows us to obtain a
g
 b y giving the value of T (1/2,1/2)

                                                                                   Î
                                                                                              [0,1/3]. We can now study interesting particular cases  :

·
 T (1/2,1/2) = 1/4. With ( 76 )  we obtain
g
 = 1 and replacing this in ( 74 )  we

obtain the probabilistic t -norm ( 71 ) .

·
 T (1/2,1/2)

®
 0

+

. With ( 76 )  we obtain
g

®
 +

¥
 and replacing this in ( 74 )  we

obtain that the t -norm tends to the drastic t -norm ( 73 ) .

·
 T (1/2,1/2) = 1/2 . We observed in the graph that for
g
 > 0,  T (1/2,1/2) > 1/3 is

impossible. So we can immediately conclude that Hamacher t -norm cannot

generalize even approach the minimum t -norm ( 70 ) .

·
 T (1/2,1/2) = 1/3. This implies that
g
 = 0 and we obtain that Hamacher t -norm

equals the quotient of the probabilistic t -norm and the probabilistic t -conorm.

                                                                                   3.2.2  Weber -Sugeno

                                                                                   The Weber -Sugeno t -norms [ 85

@�DUH�GHILQHG�IRU�

�

�!� -1 b y  :

( )

÷
ø

ö
ç
è

æ

+

×

×

+

-

+

=

0

,

1

1
max

,

                                                                                                   Weber l

l
b
a
b
a
b
a

                                                                                         T

( 77 )

This equation is reduced in the middle point to  :

( )

( )
÷

÷
ø

ö
ç

ç
è

æ

+

×

=

0

,

1

4

max

2

1

,

2

1

                                                                                                   Weber l

l

                                                                                         T

( 78 )

If we plot the value of T (1/2,1/2) we obtain the following graph  :

                   Figure 5  : T (1/2,1/2)  for different parameter values of  the Weber -Sugeno t -norm

0

0.125

0.25

-1
0

1 2 3 4 5 6

�

T (1/2,1/2)

Chapter 3  : Stud ying t -norms and t -conorms

63

We obtain that  T

�OLHV�EHWZHHQ�DQG�:H�REVHUYH�WKDW�IRU� �

Î
] -1,0],

                                                                                                                        T

                                                                                                                     �LV�FRQVWDQW�DQG�HTXDOV�]HUR�)RU� � �
³

 0, we have a bijection. It means that for

                                                                                                           HDFK� �

                                           �SRVLWLYH�ZH�KDYH�D�GLIIHUHQW�YDOXH�RI� T (1/2,1/2) and vice -versa for each value of

T (1/2,1/2)

                                                                   Î

�E \�JLYLQJ�WKH�YDOXH�RI� T (1/2,1/2)

Î

]0,1/4[. We can now note interesting particular cases  :

·

 T � �:H�REVHUYHG�LQ�WKH�JUDSK�WKDW�IRU� � ! -1, T (1/2,1/2) <1/4. So we
can immediatel y conclude that Weber -Sugeno t -norm cannot generali ze (even
approach) the Zadeh t -norm ( 70 ) .

·

 T (1/2,1/2)
®

 1/4. With ( 79 ) �ZH�REWDLQ� � �
®

¥

 , we obtain that ( 77 )  tends to the
probabilistic t -norm ( 71 ) .

·

 T (1/2,1/2) = 0. With ( 79 ) �ZH�REWDLQ� � � �DQG�UHSO DFLQJ�WKLV�LQ� ( 77 )  we obtain the

Lukasiewicz t -norm ( 72 ) .

We notice for T (1/2,1/2) = 0 we obtain the Lukasiewicz t -norm using  the formula ( 79 )

WR�FRPSXWH� �

�%XW�VLQFH�ZH�GR�QRW�KDYH�D�ELMHFWLRQ�IRU�

� �
£

0 we cannot obtain using
this formula, the t �QRUPV�ZLWK� �
Î

] -1,0]. In particular we cannot obtain the drastic
t -norm, that is the particular case of ( 77 ) �IRU� �
®

-1

+

.

3.2.3  Yager

The Yager t -norms [ 89 ] are defined for p  > 0 b y  :

( ) ( ) ( )

[ ]

÷
ø

ö
ç
è

æ

-

+

-

-

=

0

,

1

1

1
max

,

1

Yager

p
p
p
b
a
b
a

T

( 80 )

This equation is reduced in the middle point to  :

( )

÷

÷
ø

ö
ç

ç
è

æ

-

=

-

0

,

2

1
max

2

1

,

2

1

1

Yager

p

p

T

( 81 )

If we plot the value of T (1/2,1/2) we obtain the following graph  :

 Studying the Operators

                                                  Figure 6  : T (1/2,1/2)  for different param eter values of the Yager t -norm

We see that  T (1/2,1/2) lies between 0 and 1/2. We observe that for p
Î

]0,1], T (1/2,1/2) is
constant and equals zero, in other words we have an infinit y of Yager t -norms having
the middle point value equal to zero. For p
³

1, we have a bijection. This means that for
each p
                                              ³

                                                        1 we have a different value of T (1/2,1/2) and vice -versa for each value of

T (1/2,1/2)
                                                                   Î

                                                                               ]0,1/2[ we can find a distinct value of  p . The formula that allows us to
obtain p
                                                      ³

                                                               1 from the middle point value )21,21(Tt
= Î

]0,1/2] is  :

( )
t

                                                                                        p

-

+

                                                                                                   =

1
ln

                                                                                                               1

1

2

( 82 )

We see that this formula allows us to obtain a p  b y giving the value of T (1/2,1/2)

Î

            [0,1/2[. We now note interesting particular cases  :

·

         T (1/2,1/2)
                                                                                                  ®

                                                                                                                   1/2. With ( 82 )  we obtain p
®

¥

 and replacing this in ( 80 )  we obt ain

                         that the t -norm tends to the minimum t -norm ( 70 ) .

·

         T (1/2,1/2) = 1/4 . With ( 82 )  we obtain p  =1.709 and replacing this in ( 80 )  we obtain

                         a t -norm that is not the probabilistic t -norm ( 71 ) , but is the closest one in the Yager

                         famil y, in the sense that it equals the product on the boundar y (B1 -B4) and in

                         (1/2,1/2).

·

         T (1/2,1/2) = 0.  With ( 82 )  we obtain p  = 1 and replacing this in ( 80 )  we obtain the

                         Lukasi ewicz t -norm ( 72 ) .

We notice for t = 0 we obtain the Lukasiewicz t -norm using formula ( 82 )  t o compute p .

But since we do not have a bijection for 0< p
£

1 we cannot obtain using this formula the
t -norms with p
                                                                                                         Î

                                                                                                                     [0,1[. In particular we cannot obtain the drastic t -norm, that is the
particular case of ( 80 )  for p
®

0.

0

0.1

0.2

0.3

0.4

0.5

0 1 2 3 4

 p

 T (1/2,1/2)

Chapter 3  : Stud ying t -norms and t -conorms

3.3  The in verting functions

In the precedent section  we introduced for each of the considered paramet erized t -norms
an inverting function  : for Hamacher t -norm it was formula ( 76 ) , for Weber -Sugeno
t -norm it was formula ( 79 )  and for Yager t -norm it was ( 82 ) .

t -norm famil y Inverting function

Hamacher t -norm 3

1

-

=
t

g

Weber -Sugeno t -norm
t

t

×

-

×

=

4

1

4
l

Yager t -norm

( )
t

p

-

+

=

1
ln

1

1

2

                                                                                                                Table 9 . Inverting function for parameterized families.

These inverting functions allow us to obtain the paramet er required so that the
parameterized t -norm has a particular t  =  T (1/2,1/2) value. In other words if we impose
the value of T (1/2,1/2), using this formulas we can obtain the paramet er that allows the
t -norm to have this particular value.

From another perspective we can consider that the value of T (1/2,1/2) is the parameter,
through the inverting formulas. This perspective has the advantage of having a uniform
parameter for all the parameterized t -norms  :

·

         In all cases the parameter t satisfies 0
£

 t
£

1/2. So, we work alwa ys on the same

                         scale, which is not the case when using directl y the parameters.

·

         We observe that using this parameterization we will alwa ys evolve from the most

                         drastic t -norm for t = 0 to the closest to the ’min’ operator for t = 1/2. So, we have

                         alwa ys the same kind of variation when the parameter t  increases or decreases. This

                         is not the case using di rectl y the paramet ers, for instance we could compare

                         Hamacher and Yager families.

·

         We also notice that in order to obtain for example the probabilistic t -norm the

                         parameter t  will have to equal 1/4, for an y parameterized famil y. So, we have

                         necessaril y to use the same parameter for all param eterized t -norm families in order

                         to obtain a certain particular case. For the minimum t -norm t = 1/2 and for the

                         Lukasi ewicz and the drastic t -norms t =0.

Notes  :  The fact that T (1/2,1/2) has a particular value does not guarantee that we
generalize a behavior. For example, with this method we can obt ain a Yager t -norm
satisfying T (1/2,1/2)=1/4. We observed that it is not the probabilistic t -norm, but
another t -norm of the class t = 1/4. But we can sa y that we have "the closest" Yager

 Studying the Operators
t -norm to the product, in the sense that the y are equal on all the edges of the unit square
and also in the middle point.

The value of T (1/2,1/2) sa ys onl y in which class of t -norm we are. But it does not sa y
anything about whi ch t -norm in this class we are general izing. For example for T =0 we
can have the drastic t -norm or the Lukasiewicz t -norm.

Another important point that we would like to point out here is that T (1/2,1/2) in
function of the parameters is usuall y onl y a bijection on a part of the [0,1/2] interval.

The consequence of this is that the inverting function does not cover all the values of
the paramet er. In other words there are particular t -norms that are generalized by the
usual definition of the parameterized t -norm famil y, that cannot be obtained u sing the
inverting function. An example of that is that Yager t -norm generalizes t -norms that are
more drastic than the Lukasiewicz t -norm (for 0< p< 1), but we cannot obtain these
t -norms using the inverting formula ( 82 )  for t
Î

 [0,1/2[. In a more general way we can
say that the group of t -norms stricter than the Lukasiewicz t -norm are indistinguishabl e
for our method, since all of these operators have all T (1/2,1/2)=0. But it seems in the
literature that these operators are not often ver y used, besides the drastic t -norm that has
a mathematical interest.

Chapter 3  : Stud ying t -norms and t -conorms

3.4  The middle point as a classification method

In the previous section  we saw that the inverting function offers a uni form method for
computing the parameter of each famil y on a parameter scale. Since we have a common
and intuitive scale for all the t -norms we can compare and classif y them. This
classification translates thei r attitude with respect to the aggregation of  1/2 and 1/2.

Here we draw in a sam e graph ( Fi gure 7 ) the behavior of some usual t -norms (see
section  2.7).

Figure 7 . Classification of some usual t -norms

We can immediatel y conclude when looking at Fi gure 7  that the usual paramet erized
t -norms (see section  2.7.4) have a ver y strict attitude. Usuall y the aggregation of

(1/2,1/2) is 1/4 or less. We can be disappointed, since a parameterized t -norm should
primaril y aim to cover the range [0,1/2], giving a large choice of attitudes. Instead the
usual t -norms take care of the generalization of t -norms placed somewhere between the

Lukasi ewicz one and the drastic one, all having ver y similar attitudes.

Two particular families should be pointed out  : the Frank famil y and Yager’s one. Both
cover the range ]0,1/2[, the boundaries being not reached limit cases. The main
difference is at T (1/2,1/2)  =1/4, the Frank t -norm has as a non reached limit case the
product, while Yager t -norm presents another t -norm for this value (see section  3.2.3).

This makes the Yager famil y more comfortable for application, but as shown at the end
of the next chapter (see section  4.7) the computational effort is relativel y hi gh.

Chapter 4

Reduci ng t -norms and
augme nting t -conor ms

In the l ast chapter we noticed that t -norms have different attitudes with respect to the
aggregation of the "most fuzz y point". In particul ar we remarked that in general the
attitude of the parameterized families is ver y severe (usuall y the generalized t -norms
are stronger than the product). In other words there are not so man y parameterized
families offering particular cases for the most interesting range [0,1/2], and speciall y
on the upper half of this range. We are going to use this observation as a starting
point.

We also remarked that the minimum operator is the biggest possible t -norm. Taking
into account these two facts we propose to reduce this operator in order to obtain
more drastic t -norms, h aving naturall y a range starting at 1/2 and then being reduced
until 0. Unfortunatel y, we discover that when reducing the t -norms, we usually lose
the associativit y. However, the resulting operators are similar to t -norm aggregation
operators. So, we investigat e the reduction of some t ypical t -norms. We also study
the dual operator of the reduced t -norm, which can be interpreted as an augment ed
t -conorm, and again some particular cases.

We finish the chapter (section  4.7) b y stud ying in det ail the reduction  of the most
promising operator, the minimum. And we compare it to the most extensive and
comfortable t -norms, the Yager t -norms. We note that both operators are ver y
similar, besides the fact that the reduced minimum is not associative, but
computationall y much lighter. This leads to the conclusion that this operator should
be used for repetitive t -norm like aggregation or for large number of arguments.

Studying the Operators

4.1  Reducing t -norms

Let us begin with the t -norms. As we just indicated, the largest t -norm is the m in
operator. Let us consider reducing the result obtained from this t -norm operator b y
subtracting a value from it, in here the value is computed as f ( a,b ). This gives us  :

                                                                                                                 ( ) ( )
b
a
f
b

                                                                                                                      a ,

,

                                                                                      min
-

( 83 )

We insure that the resulting operator does not give an y negative result by means of the
max operator  :

( ) ( )
[ ]

0

,

,

,
min
max

)

                                                                                                                 ,

                                                                                                  ( baf
b
a

                                                                                                                        b

                                                                                                        a

                                                                                      G
-

=

( 84 )

In order to obtain an interesting operator, we consider a function f  that has the
following properties  :

                                                      ·

                                                               f ( a,b )  = f ( b,a )

                                                      ·

                                                               f ( a,b )
³

  f ( c,d ) ,  if  a
£

 c and  b
£

 d

                                                      ·

                                                               f ( a,1 )  = 0

(F1) Commutativity

(F2) Monotonicity (decreasing)

(F3) One is a null factor

Then G  is commutative, increasingl y monotone and 1 is a neutral element. We notice
that G  is almost a t -norm, but this  operator is not necessaril y associative.

The function f  can be expressed in terms of the negation of a t -conorm, a generalization
of the classical ’nor’  function (also called the Pierce function)  :

                                                                                                  ( ) ( )
b
a

S

                                                                                                                      b

                                                                                                       a

                                                                                         f ,

                                                                                                                ,
×

= b

( 85 )
where
                                             b

                                                          ³

                                                                    0   is a parameter and  S  is a t -conorm. Using ( 85 ) , expression ( 84 )  becom es  :

( ) ( )

]

0

,

,

,
max[min

)

                                                                                                                 ,

                                                                                                  ( baS
b
a

                                                                                                                       b

                                                                                                        a

                                                                                      G
×

-

= b

( 86 )

We can generalize this result to other t -norms th an the min operator. In that case we will
have the general expression  :

( ) ( )

]

0

,

,

,
max[

)

,

                                                                                                                      ( baS
b
a

T
b
a

                                                                                       R
                                                                                                               S

                                                                                                 T ×-
=
                                                                                                         - b

( 87 )

We observe that R

T-S

  is almost a t -norm, but this operator is not necessaril y associative.

However this operator is an aggregation operator  as defined in chapter 1.

                                       Proof  :  In fact, we can define R

T-S

 ( x ) = x. For the boundar y conditions, we have

                                       T  (0,0) =0 and S  (0,0) = 0 and consequentl y R

T-S

(0,0) =0. In the sam e wa y

                                       T  (1,1)  =1 and S (1,1)=1 and consequentl y R

T-S

(1,1) =1. The reduced t -norm is

                                       non -decreasing because  :

Chapter 4  : Reducing t -norms and augmenting t -conorms

                                                                                                ( ) ( ) ( ) ( )
b
b
b -

×

+

=

×

-
b
a

S
b
a

T
b
a

S

                                                                                                                     b

                                                                                                      a

                                                                                     T ,

,

,

                                                                                                              , ( 88 )

                                       The t -norm is not decreasing, the t -conorm is not decreasing and the addition or

                                       multiplication by a positive constant does not change the monotonicit y. Neither

                                       does the truncation with the max.

Other interesting basic properties of this aggregation operator are the commutativity  and
having 1 as a neutral element .

                                       Proof  :  In fact, the reduced t -norm is commutative, because the t -norm and the

                                       t -conorm  are commutative. And, 1 is a neutral element, because T ( a,1 )  = a. Using

                                       the DeMorgan l aw and the propert y of the t -conorms ( 47 ) , we have that

                                                                                              ( ) ( )

1

,

1

                                                                                                        ,

                                                                                                  1

                                                                 max

                                        1
£

£

                                                   =
a

S

                                                                                                              a and so

( )

0

,

1
=
a

S . Consequentl y  :

[ ]
a
a
a

                                                                                       R
                                                                                                               S

                                                                                                  T =
×

-

=
                                                                                                         -

0

,

0
max

)

,

1

                                                                                                                       (
b

( 89 )

To resume we have that the reduced t -norm is a commutative aggregation operator with
neutral element 1. If looked more in detail this operator, we will discover that it also
satisfies the following interesting properties  :

Property 1  : The reduced t -norm is continuous , if the underl ying t -norm and t -conorm
are continuous.

                                       Proof  :  In fact, if the t -norm and the t -conorm are continuous, their linear

                                       combination is still continuous. And the truncation by the max gives also a

                                       continuous operator.

Property 2  : Zero is an absorbent element of the reduced t -norms, mathematicall y  :

0

)

0

,

                                                                                                                       (
=
                                                                                                         -
a

                                                                                       R
                                                                                                               S

                                                                                                  T

( 90 )

                                       Proof  :  We know that  because of the introduced max, we have that R

T-S

( a,0 )
³

0.

                                       And using the monotonicit y and the fact that 1 is neutral element, we have that,

                                       R

                                                 T-S

                                                                    ( a,0 )
                                                                                                        £

                                                                                                                  R

T-S

(1 , 0) = 0, since a
£

 1.

Property 3  :  The operator defined in ( 87 )  can be written also using onl y t -norms  :

Using the DeMorgan l aws (

( )

( )
b
a

T
b
a

S ,

,
=

 ), we can write the expression ( 87 )  under
the form  :

( )

( )

]

0

,

,

,
max[

)

,

(

)

,

(

2

1

2

1

                                                                                                                      2

                                                                                                      1

b
a

T
b
a

T
b
a

R
b
a

                                                                                       R
T

T

                                                                                                                 S

                                                                                                  T ×-
=

= -
                                                                                                           - b

( 91 )

We observe that it is not compulsory to have twice the same t -norm. We ca n have

T

         1

                   ¹

                             T

                                          2

                                                . This remark applies also to the definition ( 87 )  : there are no special constraints
on the choice of S  and T.

Studying the Operators

We can consider now that
b

  is a parameter that we var y in order to obtain different
aggregation operators. We will have then  :

Property 4  :  for   = 0 , we obtain for ever y t -norm T  :   R

T-S

 ( a,b )  = T ( a,b ) .

                                       Proof  :  Trivial.

Property 5  :  for    + , we obtain for ever y t -norm T   reduced b y non saturat ed
t -conorm S (i.e. that if a
¹

1 and b
¹

1 then S ( a,b )
¹

1 )  : R

T-S

  T
drastic

 , the drastic t -norm

(see section  3.1.2).

                                       Proof  :  In fact, for a
¹

 1 and  b
¹

 1, we have for a t -norm without zero divisors,

                                       that

                                                                                  ( )

0

                                                                                              ,
                                                                                                                     >

                                                                                                     b

                                                                                      a

                                                                      T . So for
b

 large enough we will have

( )

( )

0

,

,
<

×

-
b
a

T
b
a

T
b

, and

                                       in this way

( )

( )

0

]

0

,

,

,

                                                                                                                       max[
=

×

-
b
a

T
b
a

T
b

. For a = 1, we have that

( )

0

,
=
b
a

T

                                       and

                                                                                ( )

0

                                                                                              ,
³

                                                                                                                     =
b

                                                                                                   b

                                                                                      a

                                                                     T . In this wa y we obt ain

( )

( )
[ ]
b
b
a

T
b
a

T
=

×

-

0

,

,

,
max
b

.  The

                                       case b = 1 can be shown with the commutativit y propert y.

Property 5  :  for   = 1 , for ever y t -norm and t -conorm pair from the Frank t -norm
famil y [ 44 ], R

                                                                                               T-S

                                                                                                                 = T

Lukasiewicz

 , the Lukasiewicz t-norm (see section  3.1.2).

                                       Proof  :  In fact,

                                                         ( )

                                                                                                                    ( )
b

                                                                                                                        a

                                                                                                        T

                                                                            b

                                                              a

                                              T ,

                                                                       ,
                                                                                             -

=

( ) ( )
b
a

S
b
a

T ,

,
- (using DeMorgan law)

=

( ) ( )

( )
b
a

S
b
a

T ,

1

,
-

-

(using the definition of negation)

=

( ) ( )

1

,

,
-

+
b
a

S
b
a

T

                                       The t -norms of the Frank famil y satisf y

( ) ( )
b
a
b
a

S
b
a

T
+

=

+

,

, . So we obtain

                                       then the reduced t -norm  R

T-S

 =

( )

0

,

1
max
-

+
b
a , which is the Lukasiewicz t -norm.

                                       Note  :  the Frank famil y is a ver y large class of t -norms including the most popular

                                       t -norms as the product, the minimum and the Lukasiewicz. The precedent result is

                                       also true for ordinal sum of Frank t -norms a nd their dual copulas.

Chapter 4  : Reducing t -norms and augmenting t -conorms

4.2  Reducing some typical t -norms

Now that we have shown some general properties, let us take a look at some particular
cases. We will study in this section  what happens when we reduce som e t ypical
t -norms  :

Minimu m  :  As we said, at the beginning of this chapter, the biggest t -norm is the
minimum. We can reduce this t -norm. We choose here to use the dual pair (min, max).

Following definition ( 91 ) , we onl y need to use the min and we obtain  :

( ) ( ) ( )

( )
[ ]

0

,

1

,

1
min

,
min
max

)

,

( b
a
b
a
b
a

                                                                                       R
                                                                                                                        min

                                                                                                   min --
×

-

=
                                                                                                                  - b

( 92 )

Another form for this same operator is (see definition ( 87 )  )  :

( ) ( )

( )
[ ]

0

,

,
max

1

,
min
max

)

,

( ba
b
a
b
a

                                                                                       R
                                                                                                                        max

                                                                                                   min -×-
=
                                                                                                                  - b

( 93 )

We observe that we obt ain the expected properties  :

·

         for

                                                 b

                                                           = 0, we obtain the minimum.

·

         for

                                                 b

                                                           = 1, we obtain the Lukasiewi cz t -norm.

·

         for

                                                 b

                                                              ®

                                                                               +

                                                                                            ¥

                                                                                                        , we tend to the drastic t -norm.

The "reduced min" seems to be an interesting operator that strangel y looks like the

Yager t -norm, without being associative, but instead ha ving a lower computational
effort. For det ails see the fast non -associative "Yager t -norm "-like operator at the end of
this chapter (section  4.7).

Probabilistic t-norm  :  Another ver y famous t -norm is the product. Reducing the
probabilistic t -norm by the d ual t -conorm and using ( 91 ) , we obtain the following
definition  :

( ) ( )

( )
[ ]

0

,

1

1
max

)

,

( b
a
b
a
b
a

                                                                                       R
proba

                                                                                                    proba -×-×-×
=
- b

( 94 )

We remark here that the reduced probabilistic t-norm is associative and in this wa y it is
a t -norm.

We observe that we obt ain the expected properties  :

·

         for

                                                 b

                                                           = 0, we obtain the product.

·

         for

                                                 b

                                                           = 1, we obtain the Lukasiewi cz t -norm.

·

         for

                                                 b

                                                              ®

                                                                               +

                                                                                            ¥

                                                                                                        , we tend to the drastic t -norm.

Here an interesting point is that this operator generalizes the probabilistic and the drastic
t -norm in the same wa y  as Hamacher t -norm famil y [ 48 ] does. We also notice that the
reduced probabilistic t-norm generalizes also the Lukasiewi cz t -norm, which is not the
case for the Ham acher t -norm.

Studying the Operators

Let us now compare the reduced probabilistic t -norm with the Weber -Sugeno t -norms

[ 85 @�GHILQHG�IRU� � �!� -1 b y  :

÷
ø

ö
ç
è

æ

+

×

×

+

-

+

=

0

,

1

1
max

)

,

(
l

l
b
a
b
a
b
a

                                                                                     T

                                                                                             Weber

( 95 )

We observe that both of these operators generalize the same t ypical operators. And i f
we take a look closer we will discover that in fact the reduced probabilistic t-norm is the

Weber -Sugeno t -norm for t he paramet er
l

b

+

=

1

1

. We notice that in this case the
operator is associative and therefore a t -norm.

Lukasiewicz t -norm  :  The Lukasiewicz t -norm seems to be central because of the
theorem affirming that for ever y t -norm from the Frank famil y [ 44 ], for
b

 = 1 we obtain
the Lukasiewicz t -norm. What happens if we t r y now to reduce the Lukasiewicz t -norm
by the corresponding t -conorm?  Using the definition ( 91 ) , we obtain  :

( ) ( ) ( )

( )
[ ]

0

,

1

1

1
max

0

,

1
max
max

                                                                                                                     )

                                                                                                       ,

                                                                                        (
-

-

+

-

×

-

-

+

=
                                                            -
b
a
b
a

                                                                                                             b

                                                                                              a

                            R
                                                                  Luka

                                        Luka b

( 96 )

We observe that if  ( a + b -1)
³

 0, then ((1 - a )+(1 - b ) -1) = (1 - a - b )
£

 0. So, we can
reduce the expression to  :

( )

)

,

(

0

,

1
max

)

,

( ba

T
b
a
b
a

                                                                                       R
z

Lukasiewic

Luka

                                                                                                   Luka =
-

+

=
                                                                                                                       -

( 97 )
which is exactl y the Lukasi ewicz t -norm. In other words we cannot reduce the

Lukasi ewicz t -norm using the associated t -conorm.

Note  :  We can reduce the Lukasiewicz t -norm b y using another t -norm that is not the
associated Lukasi ewicz t -conorm.

Drastic t -norm  : Another interesting case is the drastic t -norm. We know that the
drastic t -norm is the smallest t -norm. We have for any t -norm T  the following propert y  :

·

         T ( a,b )
                                                                          ³

                                                                                     T

                                                                                                 drastic

 ( a,b )

( 98 )

So, what happens if we t ry to reduce the drastic t - norm?  Let us tr y to reduce the drastic
t -norm with any t -conorm (not onl y the associated). Using the definition ( 87 ) , we
obtain  :

( ) ( )

[ ]

0

,

,

,
max

)

,

( baS
b
a

T
b
a

                                                                                       R
drastic

S

                                                                                                  drastic ×-
=
- b

( 99 )

We observe that for a
¹

 1 and b
¹

 1, T
drastic

( a,b ) = 0 and so

( ) ( )

0

,

,
£

×

-
b
a

S
b
a

T
drastic

b

 ,
so the reduced drastic t -norm equal 0. For a  = 1, T
drastic

( a,b ) = b  and for an y t -conorm
we have

                                                                         ( )

0

                                                                                       ,
                                                                                                              =

                                                                                            b

                                                                              a

                                                               S . In other words the operator is the drastic t -norm. We can conclude
by sa ying that we cannot reduce the drastic t -norm.

Chapter 4  : Reducing t -norms and augmenting t -conorms

4.3  The augmented t -conorms

Now that we have studied the reduced t -norms, let us take a look at their dual operators.

We start with the expression ( 87 )  and b y using the DeMorgan law, we obtain  :

( )

( )
b
a

R
b
a

                                                                                                               F
S

T

,

,
-

=

=

( ) ( )
ú
û

ù
ê
ë

é

×

-

0

,

,

,
max baS
b
a

T
b

=

( )

( )
ú
û

ù
ê
ë

é

×

-

1

,

,

,
min baT
b
a

T
b

=

( )

( )

[ ]

1

,

,

,

1
min baT
b
a

T
×

+

- b

=

( ) ( )
[ ]

1

,

,

,
min baT
b
a

S
×

+ b

The obtained operator can be understood as being a t -conorm to which we add
b

 times a
t -norm, the result of this addition being limited to 1. For this reason we will call this
operator the augmented t -conorm  :

                                                                                                                       ( ) ( ) ( )
[ ]

1

,

,

,
min

, baT
b
a

S
b
a

                                                                                        A
                                                                                                              T

                                                                                                   S ×+
=
                                                                                                         + b

( 100 )

We remark that this operator is dual of the reduced t -norms by const ruction. So, it is a
commutative aggregation operator and it has zero as neut ral element.  Once more we do
not have necessaril y the associativit y. If the dual reduced t -norm is associative then the
augm ented t -conorm is also associ ative.

Besides these basic properties we have  :

Property 1  : The augm ented t -conorm will be continuous , if the underl ying t -norm and
t -conorm are continuous.

                                       Proof  :  In fact, if the t -norm and the t -conorm are continuous, their linear

                                       combination is still continuous. And the truncation by the min gives also a

                                       continuous operator.

Property 2  : One is an absorbent el ement of the augm ented t -conorms, mathem aticall y  :

1

)

1

,

                                                                                                                       (
=
                                                                                                         +
a

                                                                                        A
                                                                                                              T

                                                                                                   S

( 101 )

                                       Proof  :  We know that  because of the truncation with the min, we have

                                       R

                                                 T -S

                                                                 ( a,0 )
                                                                                                     £

                                                                                                               1. And using  the monotonicit y and the fact that 0 is neutral element,

                                       we have, A

                                                                                                                 S+T

( a,1 )
³

 A

S+T

(0 , 1) = 1, since a
³

 1.

Studying the Operators

Property 2  :  The augm ented t -conorm can be written using onl y t -conorms  :

                                                                                                                       ( ) ( )

( )

( )
[ ]

1

,

,

1

,
min

, baS
b
a

S
b
a

                                                                                        A
                                                                                                              T

                                                                                                   S -×+
=
                                                                                                         + b

( 102 )

                                       Proof  :  We used the DeMorgan law to obtain this result.

Property 3  :  The augm ented t -conorm has also the generalization properties  :

·

         For  = 0 , we obtain for ever y t -conorm S  and an y t -norm T  :   A

S+T

 = S ( a,b ) .

·

         For   + , we obtain for ever y t -conorm S  augmented b y a t -norm T  without zero

                         divisors (i.e. that if a
¹

0 and b
¹

0 then T ( a,b )
¹

0 ) : A

S+T

  S
drastic

 , the drastic

                         t -conorm (see section  2.7.3).

·

         For  = 1 , for ever y t -norm and t -conorm pair from the Frank t -norms famil y  [ 44 ],

                         we obtain that A

S+T

 = S

Lukasiewicz

 , the Lukasiewicz t -conorm (see  section  2.7.3).

Property 4  :  The augm ented t -conorms and the reduced t -norms are dual b y
construction, if the underl ying t-norms and t -conorms are dual. More generall y, we
have  :

( )
b
a

R
b
a

                                                                                        A
S

T

                                                                                                                 T

                                                                                                   S

,

1

)

,

(

2

1

                                                                                                                      2

                                                                                                       1

-

                                                                                                            + -

= ( 103 )
where ( T

                                                            1

                                                                 , S

                                                                                  1

                                                                                        ) and ( T

2

, S

2

) are dual pairs.

                                       Proof  :  see the construction of the augment ed t -conorm in section  4.3.

Chapter 4  : Reducing t -norms and augmenting t -conorms

                                                                                                           4.4  Augmenting typical t -conorms

                                                                                                           Let us now anal yz e what happens when we augment t ypical t -conorms  :

                                                                                                           Maximu m  : Using the maximum and augmenting it with the associated t -norm

                                                                                                           (i.e.  minimum), we obtain the following operator (using definition ( 100 ) )  :

( ) ( )
[ ]

1

,

,
min

,
max
min

)

,

( ba
b
a
b
a

A
min
max ×+
=
+ b

( 104 )

                                                                                                           We notice that this operator is the dual operator of the reduced minimum. It is not

                                                                                                           associative, but generalizes the following t -conorms  : the maximum for
b

 = 0  ; the

                                                                                                           Lukasi ewicz t -conorm for
b

 = 1 and for
b

®

 +
¥

, it tends to the drastic t -conorm

                                                                                                           Probabilistic t-conorm  : Using the probabilistic t -conorm and augmenting it with the

                                                                                                           associated t -norm, we obtain the following operator (using definition ( 100 ) )  :

( )
[ ]

1

,

1
min

)

,

( ab
b
a
b
a

A
proba
proba ×-++
=
+ b

( 105 )

                                                                                                           We notice that this operator is the dual operator of the reduced probabilistic t -norm. It is

                                                                                                           associative and in this way it is a t -conorm. We also observe that this operator

                                                                                                           generalizes the following t -conorms  :

                                                                                                           ·

                                                                                                                    for
b

 = 0, we obtain the probabilistic t -conorm

                                                                                                           ·

                                                                                                                    for
b

 = 1, we obtain the Lukasiewi cz t -conorm.

                                                                                                           ·

                                                                                                                    for
b

®

 +
¥

, we tend to the drastic t -conorm.

                                                                                                           We observe that this operator generalizes the probabilistic t-conorm and drastic

                                                                                                           t -conorm in the same wa y as the Ham acher t -conorm famil y [ 48 ] does.

                                                                                                           We also notice that the augmented probabilistic t -conorm generalizes the same t ypical

                                                                                                           t -conorms in the same way as the Weber -S ugeno t -conorm famil y [ 85 ] does. In fact the

                                                                                                           expression ( 105 )  is another form of the Weber -Sugeno t -conorm (where
b

 =

� +1)  :

[ ]

)

,

(

1

,
min

)

,

( ba

S
ab
b
a
b
a

                                                                                        A

Weber
proba

                                                                                                    proba =

×

+

+

=

+ l

( 106 )

This operator is associative and therefore is a t -conorm.

Lukasiewicz t -conorm  :  Like in the dual case, it is impossible to augment the

Lukasiewicz t -conorm, using the Lukasiewicz t -norm.  This does not mean that it is

impossible to augment the Lukasiewicz t -conorm, but we will need to use another

t -norm than the Lukasiewicz one (i.e. something like the product o r the minimum).

Drastic t -norm  : Like in the dual case it is possible to show that the drastic t -conorm

cannot be augmented, which is a natural result since drastic t -conorm is the largest

t -conorm.

Studying the Operators

4.5  Mixed reductions and augmentations

Here we are interested in doing reduction and augmentation with pairs of t -norm and

t -conorm that are not dual. In other words the reduction of a t -norm will be done using

another t -conorm than the dual one. And we will augment the t -conorm with another

t -norm than the dual one.

This kind of manipulation is particularly interesting in the case of the Lukasiewicz pair.

We saw that it is impossible to reduce the Lukasiewicz t -norm b y the Lukasiewicz

t -conorm or to augment the Lukasiewicz t -conorm by the Lukasiewicz t -norm.   Here we

give two examples of reducing the Lukasiewicz t -norm and two of augmenting the

Lukasiewicz t -conorm.

We can reduce the Lukasiewicz t -norm using the minimum ( 107 )  or using the

product  ( 108 )  :

( ) ( )

[ ]

0

,

)

,
max(

1

0

,

1
max
max

)

,

                                                                                                                 (

                                                                                               min
b
a
b
a
b

                                                                                                                       a

                                                         R

                                                                     Luka -×-

-

+

=

                                                                                         - b
( 107 )

( ) ( ) ( )

[ ]

0

,

1

1

0

,

1
max
max

)

,

                                                                                                                      ( b
a
b
a
b
a

                                                         R

                                                                                                prod

                                                                     Luka -×-×--+

=

                                                                                         - b
( 108 )

We observe that both of these operators have the following properties  :

·
         for

                                                 b
                                                           = 0, we obtain the Lukasiewicz t -norm.

·
         for

                                                 b
                                                               ®
                                                                                 +

                                                                                              ¥
                                                                                                          , we tend to the drastic t -norm. (since the max and the product have no

                         zero divisors).

In other words, as expected, we can reduce the Lukasiewicz t -norm by changing
b
 . And

we see that we can go from the Lukasiewicz t -norm until the drastic t -norm.

We have two dual cases that correspond to the augmented Lukasiewicz t -conorm  : the

first one b y the minimum ( 109 )  and the second one b y the product ( 110 ) .

( )

[ ]

1

),

,
min(

1

,
min
min

)

,

(
min
b
a
b
a
b
a

                                                                                       A Luka

×

+

+

=

                                                                                                                       + b
( 109 )

( )

[ ]

1

,

1

,
min
min

)

,

( ba
b
a
b
a

                                                                                       A
prod

                                                                                                   Luka ××+

+

=

                                                                                                                       + b
( 110 )

We still have for the limit cases  :

·
         for

                                                 b
                                                           = 0, we obtain the Lukasiewicz t -conorm.

·
         for

                                                 b
                                                               ®
                                                                                +

                                                                                             ¥
                                                                                                         , we tend to the drastic t -conorm (because the min and the product have

                         no zero divisors).

In other words as expected, we can augment the Lukasiewicz t -conorm b y augmenting
b

until we obtain the drastic t -conorm.

Chapter 4  : Reducing t -norms and augmenting t -conorms

In the precedent examples we have two associative operators and two non -associative

ones. It seems that knowing the associativity in advance for ever y operator is not an

eas y task. To know more about this kind of problem there is an interesting paper of

Ling [ 61 ].

We have that  :

·
         The Lukasiewicz t -norm reduced b y the minimum is not associative . Therefore its

                         dual operator, the Lukasiewicz t -conorm augmented b y the maximum, is not

                         associative.

                           In fact, let us use a counterexample for
b
 = 1  :

( )

( )

05

.

0

)

85

.

0

,

35

.

0

(

85

.

0

,

8

.

0

,

75

.

0

=

= -

-

- minLuka
min

Luka
min

Luka
R

R

R

                                                                                       and

( )

( )

0

)

5

.

0

,

75

.

0

(

85

.

0

,

8

.

0

,

75

.

0

=

= -

-

-
min

Luka
min

Luka
min

Luka R
R

R

·
         The Lukasiewicz t -conorm augmented b y the product is associative . Therefore their

                         dual operator, the Lukasiewicz t -norm reduced b y the probabilistic t -conorm, is also

                         associative.

                         In fact, augmenting the Lukasiewicz t -conorm b y the product gives ( 110 )  exactly the

                         Weber-Sugeno t-norm  :

( )

1

,
min

)

,

( ba
b
a
b
a

                                                                                        A
prod

                                                                                                   Luka ××++

=

                                                                                                                       + b
( 111 )

                         In fact, for a + b > 1, we have then  a + b +
b
 ab > 1 since
b
³
 0.

                         And reducing the Lukasiewicz t -norm b y the probabilistic t -conorm gives Weber-

                         Sugeno t-norm  :

( ) ( )

[ ]

0

,

1

1

1
max

)

,

( b
a
b
a
b
a

                                                                                       R
prod

                                                                                                   Luka -×-×--+

=

                                                                                                                       - b
( 112 )

                         In fact, for a + b - 1 < 0, we have  a + b  - 1 -
b
 (1 -a)(1 -b)  < 0 since
b
³
 0.

In conclusion, augmenting the Lukasiewicz t -conorm b y the product or reducing the

Lukasiewicz t -norm by the probabilistic t-conorm gives known  parameterized t-norm

and t-conorm families.

Studying the Operators

4.6  The difficulty of combining t -norms and

                                                     t -conorms

In this chapter we studied how to reduce a t -norm by subtracting to it a value given b y a

function. Using a commutative, monotone decreasing function that has one as null

factor, we obtain an interesting aggregation operator, which is almost a t -norm besides

the fact that it is not always associative. This ver y particular side effect shows the

difficulty of reducing t -norms.

If we impose the associativity to the function being subtracted, we discover that it is

actuall y

                                                           b
                                                                     times the negation of a t -conorm. Then we study some interesting general

properties and after that, we stud y some particular cases b y reducing some typical

t -norms. We obtained for each t ypi cal t -norm an interesting parameterized famil y. We

compare them to some existing parameterized t -norms.

Then using the DeMorgan law we obtain a dual operator. We find that these kinds of

operators are augmented t -conorms. In fact this operators are built by adding to a

t -conorm,

                                                                       b
                                                                                  times a t -norm. This result is ver y interesting because it suggests that in

order to make more drastic a t -conorm we need to add a t -norm. Here, once again, we

do not obtain alwa ys a t -conorm, because the resulting operator is no t alwa ys

associative. We also study some interesting particular cases b y augmenting typical

t -conorms.

We also take a look at the reduction and augmentation of non dual t -norms and

t -conorms. This situation is particularly interesting for the Lukasiewicz c ase. Since we

showed that the Lukasiewicz t -norm (or t -conorm) cannot be reduced (or augmented) b y

its dual operator. Augmenting and reducing Lukasiewicz b y the minimum, we obtain an

interesting non -associative aggregation operator. But when augmenting and  reducing b y

the minimum we obtain a parameterized t -conorm and a parameterized t -norm.

Chapter 4  : Reducing t -norms and augmenting t -conorms

4.7 The n-ary operators

We have until now studied only the aggregation of two arguments, but since in general

the reduced t-norms and the augmented t-conorms are not associative (as pointed out in

the previous paragraph), we need to specif y how to aggregate n  arguments.

There are several wa ys of extending a two arguments operator to n  arguments. As for

instance aggregate b y packages of two or also aggregate the first argument with the

second one, the result with the third one, and so on. We choose here to explicitly

introduce a n-ar y form, which allow us to have a pseudo-associativit y.

The n-an y reduced t-norm is defined b y  :

( ) ( )

]

0

,

,

,

,

,
max[

)

,

,

                                                                                                                       (

1

1

1 n
n
n

                                                                                                               S

                                                                                                  T
x
x

S
x
x

T
x
x

                                                                                       R
�

�

�

×

-

=

                                                                                                         - b

( 113 )

It is pseudo-associative in the sense that if we keep in memor y the values T ( x

1

,�, x

n

)

and S ( x

                                                     1

                                                           ,�, x

                                                                                           n

                                                                                                 ), we can profit from the advantages of the normal associativity. For

example a nice benefit of having the associativity is that if we observe a new argument

we can with the last result obtain a final aggregation that is equivalent to re-computing

using all the arguments. Mathematicall y this can be translated b y :

)

,

,

,

(

)

),

,

,

(

                                                                                                                       (

1

1

1

1 +

-

+

-

                                                                                                         - =

n
n

S

T

n
n

S

T

                                                                                                               S

                                                                                                  T
x
x
x

R
x
x
x

R

                                                                                       R
�

� ( 114 )

We can obtain this by simply keeping the values T ( x

1

,�, x

n

) and S ( x

1

,�, x

n

). With them

we first calculated R

T-S

( x

1

,�, x

n

) .

Then when we observe x

n +1

 we can use the associativity of the t-norm and of the

t -conorm to obtain T ( x

1

,�, x

n

, x

n +1

)=  T ( T ( x

1

,�, x

n

), x

n +1

)  and S ( x

1

,�,  x

n

,  x

n +1

). Which

will lead to R

                                                                                         T-S

                                                                                                         ( x

                                                                                                                      1

,�, x

n

, x

n +1

) .

In the same wa y, we define the n-an y augmented t-conorm  :

                                                                                                                       ( ) ( ) ( )

[ ]

1

,

,

,

,

,
min

,

,

1

1

1 n
n
n

                                                                                                              T

                                                                                                   S
x
x

T
x
x

S
x
x

                                                                                        A
�

�

�

×

+

=

                                                                                                         + b

( 115 )

This operator has also the pseudo-associativity propert y as long as we keep in memor y

the values T ( x

                                                                                             1

                                                                                                   ,�, x

n

) and S ( x

1

,�, x

n

).

                                                                         Studying the Operators

                                                                         4.8  Fast non -associati ve "Yager t -norm"-like

aggregation

                                                                         Here we stud y a parameterized aggregation operator that was obtained b y reducing the

                                                                         minimum by its dual operator, the maximum. The resulting operator has properties ver y

                                                                         similar to the Yager t -norm. This operator is not associative, but we will see that it is

                                                                         computationally lighter than Yager t -norm. So, we recommend the use of this operator

                                                                         for the aggregation of a large number of arguments.

                                                                         Here we will also see that among the common properties, the t -norm and our operator

                                                                         generalize the most basic t -norm  : the Lukasiewicz t -norm, the drastic t -norm and

                                                                         minimum t -norm. The last one being attempt not as limit case (as for Yager’s family), in

                                                                         other words it is more computational friendly.

                                                                         The Yager t -norm

                                                                         The Yager t -norm was introduced in [ 89 ] as a general form of a t -norm (see

                                                                         section  2.7.4),.  The definition of this new operator is based on a parameter that changes

                                                                         the type of the t -norm. Since this operator is associative there is no ambiguity on its n-

                                                                         any form. For p  > 0  we have  :

( )

÷

÷

ø
ö

ç
ç

è
æ

ú

û
ù

ê

ë
é

-

-

=
å

=

0

,

1

1
max

)

,

,

(

1

1

1
p
n

i
p

i
n

Yager
x
x
x

T
� ( 116 )

                                                                         We saw that this parameterized t -norm generalizes some of the usual t -norms  :

                                                                         ·
                                                                                  For p

®
 0, the Yager t -norm tends  to the drastic t -norm.

                                                                         ·
                                                                                  For p = 1, the Yager t -norm is the Lukasiewicz t -norm.

                                                                         ·
                                                                                  For p

®
 +

                                                                                               ´�WKH�<DJHU�W -norm tends  to the minimum t -norm

Let us now take a look at the fast non -associative "Yager t -norm"-like operator. In fact
it is what we called the reduced min (see 4.7).

The reduced min

Since this operators is not associative its two arguments definition ( 92 )  is limited. Here
we propose a n-ar y form based in the definition ( 113 ) . We define the n-ar y reduced min
for
                        b

                                         ³

                                                   0  by  :

( )

( ) ( )

( )

0

,

,

,
min

1

,

,
max
max

)

,

                                                                                                          ,

                                                                                     (

1

1

                                                                                                   1

                                                                max

                                        min
n
n
n

x
x
x
x
x

                                                                                            x

                            R

�

�

                                                                                                              �

+

-

×

=
                                                          - b

( 117 )

Chapter 4  : Reducing t -norms and augmenting t -conorms

4.8.1 Comparison with the Yager t -norm

As a result of the previous work, we know that, as the Yager t -norm, the new operator

( 117 )  is commutative, monotone, has the unit y as neutral element (i.e. R
min-max

( a, 1)= a )
and zero is an absorbent element (i.e. R
min-max

( a, 0) =0). The two last properties translate
the fact that these two operators are equal on the edges of the unit square (see Figure 2 ).

Another result from the previous work is that it generalizes the same usual t -norms as
the Yager t -norm. For seek of simplicity we will reason on binar y operators, which will
not affect the generality since the particular cases are associative  :

·

         For
                                                    b

                                                               = 0 we have the minimu m  t -norm.

                                       In fact, for
                                                                                                                  b

  = 0, the t -norm is reduced to

                                                                                                  R
                                                                                                                 min-max

( a,b) = max(min( a,b ),0) = min( a,b ).

·

         For
                                                    b

                                                               = 1 we have the Lukasiewicz t -norm.

                                       In fact, for
                                                                                                                  b

  = 1, the t -norm is re duced to

                                                                                                  R
                                                                                                                 min-max

( a,b) = max(max( a,b )+min( a,b ) -1,0).

                                       Now max( a,b )+min( a,b ) = a + b , therefore R
min-max

( a,b) = max ( a +  b -1,0).

·

         For
                                                    b

                                                                 ®

                                                                                   + ´�WKH�W -norm tends to the drastic  t -norm.

                                       In fact, for a
¹

1 and  b
¹

1, max( a,b ) -1 <0.

                                       Therefore

( )

( ) ( )

-¥

®

+

-

×
v
u
v
u ,
min

1

,
max
                                                                                                                b

, when
b

®

 + ´�

                                       And so, R
                                                                                                              min-max

( a,b) = 0.

                                       For b =1, we have max ( a,b )=1 and min( a,b)=a , and therefore

                                       R
                                                      min-max

                                                                                              ( a,b) = max(0+ a ,0) = a.  Since the t -norm is commutative we have

                                       finished the proof.

Using the methodology presented in chapter 3 we see that the range of action is the
same for the two operators  : the smallest operator being the drastic t -norm and the
biggest the minimum t -norm. We also observe that neither of these two operators
generalize the probabilistic t -norm.

Another common property is the fact that both of these operators have zero divisors

(i.e.  there exist two numbers a and b both different from zero, so that R
min-max

( a,b ) = 0).

This is true except when the reduced min equals the minimum.

So far, we have seen that the Yager t -norm and the new defined operator have similar
behaviors. Let us now point out some differences.

Studying the Operators

Computational Effort

Let us now focus on the computational effort aspects. If we look at the mathematical
definition of the Yager t -norm ( 116 )  and at the reduced min ( 117 )  we will observe that
these two operators have the form  :

( )

                                                                                                                     ( )

0

,

,

,

                                                                                      max

1 n

x
x

R

�
( 118 )

For the Yager t -norm, we have

( )
p
n
i

p
i
n

x
x

                                                                                                          x

                                                                                       R

1

1

                                                                                                                 1

1

1

)

,

                                                                                                                       ,

                                                                                                  (
ú
û

ù
ê
ë

é

-

-

=

å

=

�

( 119 )

For the reduced min, we have

( )

( ) ( )
n
n
n

x
x
x
x
x

                                                                                                          x

                                                                                       R ,,min1

,

,
max

)

,

                                                                                                                       ,

                                                                                                  (

1

1

                                                                                                                 1

�

�

�
+

-

×

= b ( 120 )

Now let us compare both equations from an arithmetic point of view  :

Yager R ( x

1

,�,  x
n

) New R ( x

1

,�,  x
n

)

                                                                                                                 1 division  - 1/ p 1 product

                                                                                                                 n -1 additions 1 addition

                                                                                                                 n +1 subtractions 1 subtraction

                                                                                                                 n +1 power operations 1 min and 1 max

                                                  Table 10 . Effort comparison between Yager t -norm and the reduced min.

Looking at Table 10 , we notice that the new operator is computationally lighter. In fact,
we observe that Yager t -norm has a division that has the same complexity as a produ ct.

We see that the more arguments we aggregate the more heav y the calculus of the Yager
t-norm is. In fact we increase linearl y the number of additions, subtractions and of
power operations. For the new operator when we increase the number of arguments we
increase the difficult y of computing the min and the max. In fact, both can be calculated
with simply n -1 comparisons.

But even in the case n =2, Yager t-norm is more arduous. The two operators have then
same amount of additions, but Yager t -norm has  one more subtraction. This does not
make a large difference. The main difference appears when we observe that Yager
t -norm needs 3 power operations, while the new operator onl y needs one comparison  :

the bigger number will be used for the max and the other one for the min.

In other words the new operator is interesting for the calculus of large number of
arguments, but also when aggregation several times just couple of values.

Chapter 4  : Reducing t -norms and augmenting t -conorms

                                                                                                           Other advantages

                                                                                                           The fact that the reduced minimum is computationally faster than the Yager t-norm is

                                                                                                           interesting, but we ma y think that the price for this is that we lost the associativity

                                                                                                           propert y. In fact, the reduced minimum is not associative, but it is pseudo-associative in

                                                                                                           the sense presented in section 4.7. As we as when introducing the associativity (see

                                                                                                           section 1.2.4) the idea of the associativity is to allow the aggregation par packages. So,

                                                                                                           if we keep in memor y the maximum and minimum of this packages we will witness the

                                                                                                           same features as when using the associativity.

                                                                                                           From the generalization point of view, we noticed that both of the two families

                                                                                                           generalize the most common t -norm  : the minimum t -norm. But what we did not sa y is

                                                                                                           that Yager t -norm generalizes the minimum t -norm as a limit case. In other words the

                                                                                                           parameter p  has to take the value +

´�WR�REWDLQ�H[DFWO \�WKH�H[SHFWHG�EHKDYLRU�:H�DOO

know that this is not possible in a computer. If we look at the reduced min, we observe

that the generalization of the most common t -norm is done for the particular case
b
 = 0,

which is not a limit case.

Note  :  We observe that for the generalization of the drastic t -norm, we have in both

cases a limit case. This is normal since the two parameterized t -norms are families of

continuous operators and the drastic t -norm is non -continuous .

Concluding remarks

The reduced minimum is a particularl y interesting operator for efficient practical

applications, where we have to use a t-norm. Its computational lightness combined to its

pseudo-associativit y, without forgetting its generalization property make of it a power-

full tool. See chapter 7 for an illustration of its use.

Chapter 5

Aggregating Truth and Falsit y

Values

The problem of aggregating truth values is at the core of the studies in fuzz y logic. But

it is to notice that the purpose of this aggregation is to compute the truth value of a

logical phrase. Here we are interested in the aggregation of different truth values

observed for the same logical phrase.

In the first case, we compute the truth value of a phrase of the t ype  : "the figure is

quadrilateral ’AND’ the angle on the left is  a right angle".  Here it is clear that if one

statement is true and the other false then the truth value of the whole assertion will be

false, which follows the classical logic.

In the second case, we observe two different truth values for the same statement. For

example we observe once that "the angle on the left is  a right angle" is true and then we

observe that it is false. This does not mean that the statement is completel y false, we just

can conclude that we do not know if it is true or false. In this chapter we tr y to give an

answer b y proposing operators that compute the degree of truth using the two observed

degrees.

Before the construction of such operators we define a truth scale, on which we work.

Then we propose an axiom set for the aggregation of truth values, which leads to the

characterization of two truth -aggregation families, a prudent  and an enthusiastic . The

first one has a cautious attitude choosing between two observed values the one that is

more uncertain. The second one has an enthusiastic behavior and will reinforce the

result if it observes twice the truth or twice the falsity. When observing falsity and truth

the operator gives a compensated value.

We determine that the prudent  aggregation is completel y determined, while the

construction of an enthusiastic  aggregation is more delicate, leading usually to a non

continuous structure. We propose a particular solution that is continuous except for the

full contradiction, which conducts us to study in general the full contradiction and the

normal contradiction of the enthusiastic  aggregation. We obtain a complete

characterization of these two situations.

We finish by expounding the use of the truth and falsity aggregation operators and their

relationship with the traditionally used truth -aggregation operators  : the t -no rms and

t -conorms. Actuall y the presented operators should be used for the aggregation of

different observed truth values for the same phrase vs. the calculus of the truth of a

logical phrase.

Studying the Operators

5.1  Truth fuzzy set and falsity fuzzy set

Here we are going to assume the truth as a fuzz y set,  where 1 is the full truth and 0

represents the zero degree of membership of being true. In the same wa y we can

imagine a fuzz y set for the falsity, but this time we are going to use the negative scale

and consider -1 th e full falsity and 0 the zero degree of membership of being false. In

this way we build a scale of "truth" we can pass progressivel y from the total falsity to

the total truth. So we work on the scale [ -1,1] and we will say that [0,1] is the degree of

truth and [ -1,0] the degree of falsity, where -1 is the full falsity.

Figure 8 . Scale of truth and falsity

In this construction an interesting point is 0. It is the middle point between the full truth

and the full falsity. It is actuall y the null membership to the sets of truth and falsity. So

we will consider that it represents the "ignorance", since it is neither true nor false.

We can relate these two fuzz y sets with a negation operator that transforms a truth value

into a falsity one with the same degree  : n ( x )= - x .  The negation of full truth is full

falsity and vice -versa. We also observe that the fixed point of the negation is 0

corresponding to the total ignorance.

 0

                                                                                                                -1 1
false true

"Ignorance"

Chapter 5  : Aggrega ting Truth and Falsity

5.2  Basic properties of the operator

On this scale, how can we aggregate the truth values ?  In order to build an operator we

first dictate some very useful  conditions for the aggregation (for more details about the

properties see chapter 1). The operator should be  :

·
         Monotone  :  The decrease of an y of the arguments to be aggregated cannot produce

                         an increase of the total value. This condition is related to the Pareto optimum.

·
         Commutative  :  This propert y ensures that the aggregation is symmetric, that is,

                         indifferent to the order of the arguments to be aggregated.

·
         Associative  :  we consider that the total result should be independent of the grouping

                         of the arguments. This ma y be regarded as a criterion of objectivity. This axiom also

                         enables us to extend the operator from two arguments to more than two.

The associativity and commutativity taken together enable us to avoid some problems

inherent to the nature of the s ystems  :

·
         The architecture of the aggregation  : if we aggregate the sources at different levels

                         or steps the associativity and commutativity guarantee that the final result is

                         independent of these levels or steps.

·
         The temporal aspects of obtaining the data  : the order and the size of the parcels

                         received in the time will not have an y influence on the total result. We will obtain a

                         final result equal to the aggregation considering that we disposed of all the

                         information from the beginning.

·
         The computability capacity of the machine executing the aggregation  : if the

                         quantity of information is bigger than the memor y of the machine processing the

                         aggregation then we will need to do partial aggregations before getting the final

                         result. The associativit y and commutativity guarantee that the final result is

                         independent of the method used to make these partial results.

Studying the Operators

5.3  The prudent aggregation

Now that we fixed these axioms relative to the general behavior, let us identif y some

attitudes.

For instance b y sa ying that we want to be prudent  ( cautious ) while aggregating, let

Prud ( x , y ) denote this operator. We translate this condition as a simple constraint  :

Let us imagine that we observe first a full truth and then for the same observation

another truth value. What will be the aggregation of these two degrees?   If we are

prudent  ( cautious ) we will consider that the final membership should be equal to the

partial truth degree, since we observe first something completel y true and then a doubt

on this value, a prudent  attitude is to keep the doubt. Mathematically we translate this

by  :

                                                                                    for all x

Î
 [0,1]  Prud (1, x )= x ( 121 )

A simple choice like this can have man y consequences. For instance  :

The aggregation of the total ignorance with an y truth value equals the total ignorance.

Mathematicall y  :

Proposition 1  :  For all x

Î
 [0,1]   Prud (0, x )=0.

                              Proof.  Since the aggregation of two truth values should be a truth value

                              ( Prud (0, x )

                                                                                                   ³
                                                                                                             0), and using the monotonicity  : 0

£
 Prud (0, x )

£
 Prud (0,1) = 0

The prudent  aggregation of two truth values will alwa ys give a smaller (or equal) value

than the smallest of an y of the values being aggregated. It is exactly what we expect

from a prudent  ( cautious ) aggregation. Mathematicall y  :

Proposition 2  :  For all ( x , y )

Î
[ 0,1]

2

  Prud ( x , y )

£
 min( x , y )

                              Proof.  Using the monotonicity we have  Prud ( x , y )

£
 Prud ( x ,1) = x

                              and by commutativity Prud ( x , y ) = Prud ( y , x )

£
 Prud ( y ,1) = y

                              Hence, Prud ( x , y )

£
 x  and Prud ( x , y )

£
 y , that is, Prud ( x , y )

£
 min( x , y ).

Note  :  We notice here that the operator actually used on [0,1]

2

 is a t -norm (see 2.7).

5.3.1  Prudent aggregation of the falsity values

Using the negation we can build the operator to be used for the falsity fuzz y set  :

                                                                                    For all x , y

Î
 [ -1,0]

2

   Prud ( x , y ) = n ( Prud ( n ( x ), n ( y )) ( 122 )

It is easy to show that this transformation keeps the associativity, the monotonicity and

the commutativity.

Chapter 5  : Aggrega ting Truth and Falsity

Other consequences are  :

If we observe something completel y false and then a doubt on this falsity, the prudent

aggregation will choose the doubt value. Mathematically  :

Proposition 3  :  For all x

Î
[ -1,0]  Prud ( -1, x ) = x

                              Proof.  Obvious using (122) .

The prudent  aggregation of "ignorance" and an y falsit y value will give full "ignorance".

Proposition 4  :  For all x

Î
[ -1,0]  Prud (0, x ) = 0.

                              Proof.  Obvious using (122) .

The prudent  aggregation of falsity values will always give a less or equall y false value

than the least false of the values being aggregated.

Proposition 5  :  For  ( x , y )

Î
[ -1,0]

2

 Prud ( x , y )

³
 max( x , y ).

                              Proof.  Using (122)  and proposition 2.

Note  :  We notice here that the operator actually used on [ -1,0]

2

 is a t -conorm (see

section  2.7) shifted from [0,1]

2

.

Another wa y of obtaining the operator to be used on the falsity domain is to assume

proposition 3 as an axiom. But, we choose to use the negation for the construction in

order to impose exactly the same behavior for the falsit y and for the truth.

Studying the Operators

5.3.2  Prudent aggregation of falsity and truth values

Let us now take a look at what happens if  we aggregate a truth value with a falsity

value. In this case we obtain the ignorance, which corresponds to our prudent  attitude.

Mathematicall y, we have  :

Proposition 6  : For ( x , y )

Î
[ -1,0]x[0,1]

È
 [0,1]x[ -1,0]   Prud ( x , y ) =0

                              Proof.  Let us assume that 0

£
 x  and y

£
 0. Using the monotonicit y  we obtain  :

                              0 = Prud (0, y )

£
 Prud ( x , y )

£
 Prud ( x ,0) = 0

                              and for x

                                                                                         £
                                                                                                  0 and 0

£
y , we have 0 = Prud ( x ,0)

£
 Prud ( x , y )

£
 Prud (0, y ) = 0

A consequence of the precedent result is that the prudent  operator is continuous on

[ -1,1]

                                      2

                                           . (of course if and onl y if the underl ying t -norm is continuous). In fact if the

underlying t -norm is continuous, then the op erator is continuous on  [ -1,0]

2
È
 [0,1]

2

.

Proposition 6 shows that the operator on [ -1,0]x[0,1]

È
 [0,1]x[ -1,0] equals 0 and

using proposition 1 and 4, we have the continuity on [ -1,1]

2

.

This propert y is interesting since it translates the fact that the variation of the aggregated

value do not jump from a value to another. It gives some stabilit y to the result.

The general behavior  :  The associativity of the global operator was showed in [ 11 ].

We can resume the prudent  aggregation on the following figure, where T  is a t -norm  :

Figure 9 . Prudent  aggregation

Interpretation  :  We showed in proposition 1 that when aggregating two truth values

the resulting value will be a truth value smaller than the smallest of the values to be

aggregated.

0

0

0

0

T ( x , y )

n ( T ( n ( x ), n ( y ))
x

-1

-1

1

1

 y

Chapter 5  : Aggrega ting Truth and Falsity

When aggregating two falsity values, proposition 2 applies, which means that the result

is always bigger that the maximum of the values. And the aggregation of two falsity

values will be a smaller falsity value than any of the falsity values to aggregate.

As we alread y said in proposition 6, the aggregation of a truth value with a falsity value

will give the total "ignorance".

Summing up, the general tendenc y of this operator is to converge to the "ignorance". If

we have two truth values we will compute an aggregated value that is closer to the total

ignorance than an y of the two initial values.

Studying the Operators

5.3.2  Comparison with known operators

Here we work on the scale [-1,1], but generally the aggregation operators are defined on

[0,1]. So, in order to compare this operator to others, we need to do a scale

transformation.

We notice that the construction of the prudent operator is based on a t-norm and a

negation. So, we can obtain t-norms and t-conorms  by simple linear transfo rmation  :

                                                                                    For all x , y

Î
 [0,1]

2

   S ( x , y ) = - Prud (- x , -y ) ( 123 )

                                                                                    For all x , y

Î
 [0,1]

2

   T ( x , y ) = Prud ( x , y ) ( 124 )

 But ma ybe the most natural transformation is a linear transformation from [-1,1] to

[0,1]. In this case we obtain a particular nullnorm (see section 2.9.5)  :

                                                                                    For all x , y

Î
 [0,1]

2

   )1)2,2(

(

2

1

)

,

(

2

/

1

-

×

=
y
x

Prud
y
x

N ( 125 )

This nullnorm is particular since the absorbent element a  equals 1/2 and the underl ying

t-norms and t-conorms are dual. Note that it is easy to conceive a non linear

transformation so that we obtain a nullnorm with an y absorbent element a  from a

prudent operator.

Chapter 5  : Aggrega ting Truth and Falsity

5.4  The enthusiastic aggregation

We studied in detail the construction of a prudent  operator, let us now take a look at the

enthusiastic  aggregation. Let us denote b y Enthu ( x,y ) such an aggregation operator. Of

course we still request the operator to be associative, monotone and commutative. But

this time we will impose that if we observe the total ignorance and a truth or a falsit y

value, then enthusiasticall y we will use this value as the final aggregation.

Mathematicall y we have

                                                                                    For all x

Î
 [ -1,1]  Enthu (0, x ) = x

( 126 )

The choice of these characteristics for the operator has the following consequences  :

The  enthusiastic  aggregation of the total truth with an y other truth value will be the total

truth. Mathematically  :

Proposition 7  :  For all x

Î
[ 0,1]  Enthu (1, x ) = 1.

                              Proof.  Using the monotonicity we have 1 = Enthu (0,1)

£
 Enthu  ( x  ,1)

£
 1

The enthusiastic  aggregation of the total falsit y with an y other falsity value will be the

total falsity  :

Proposition 8  :  For all x

Î
[ -1,0]   Enthu ( -1, x ) = -1.

                              Proof.  Using the monotonicity we have  -1

£
 Enthu ( -1, x )

£
 Enthu  ( -1,0) = -1

We have a reinforcement when observing two truth values. That is to say that the

observation of two truth values will be aggregated into a value bigger than the biggest

of the observed values. Mathematicall y  :

Proposition 9  :  For all ( x , y )

Î
[ 0,1]

2

  Enthu ( x , y )

³
 max( x , y ).

                              Proof.  Using the monotonicity we have x  = Enthu ( x ,0)

£
 Enthu  ( x , y ) and b y

                              commutativity Enthu ( x , y ) = Enthu ( y , x )

³
 Enthu ( y ,0) = y .

                              Hence, Enthu ( x , y )

³
 x  and Enthu ( x , y )

³
 y , that is, Enthu ( x , y )

³
 max( x , y ).

The same wa y, we have a reinforcement when observing two falsity values. We obtain a

bigger falsity result than what was observed. Mathematically  :

Proposition 10  :  For all ( x , y )

Î
[ -1,0]

2

 Enthu ( x , y )

£
 min( x , y )

                              Proof.  Since ( x , y )

Î
[ -1,0]

2

 and using the monotonicity we have

Studying the Operators

                                                 Enthu ( x , y )

                                                                                                                       £
Enthu ( x ,0)= x  and b y commutativity

                                                 Enthu ( x , y )= Enthu ( y , x )

£
 Enthu ( y ,0) = y

                                                 Hence, Enthu ( x , y )

£
 x  and Enthu ( x , y )

£
 y , that is, Enthu ( x , y )

£
 min( x , y ).

When observing truth and falsity we have a compensator y behavior. In fact the final

value will be closer to the total ignorance than an y of the observed values.

Mathematicall y  :

Proposition 11  :  For all ( x , y )

Î
[ -1,0]x [0,1]

È
 [0,1]x[ -1,0]  min( x , y )

£
 Enthu ( x , y )

£

max( x , y )

                              Proof.  Let assume that  y

£
 0

£
 x . Using the monotonicity  we obtain  :

                              min( x , y ) = y  = Enthu (0, y )

£
 Enthu  ( x , y )

                              and Enthu  ( x , y )

£
 Enthu  ( x ,0) = x  = max ( x , y )

Note  :  We remark that we actually have a t -conorm on [0,1]

2

 and on [ -1,0]

2

 we observe

a t -norm shifted from [0,1]

2

.

In order to obtain a similar behavior on the falsity and truth domain, we can request the

operator to be self -involutive with respect to the negation. Mathematically we want  :

                                                                                    For all x , y

Î
 [ -1,1]

2

 Enthu ( x , y )= n ( Enthu ( n ( x ), n ( y ))

( 127 )

If we reason in terms of t -norms and t -conorms, what we want is that these two

operators with the negation form a DeMorgan triple.

Chapter 5  : Aggrega ting Truth and Falsity

5.4.1  Enthusiastic aggregation of truth and falsity

At this point we characterized the behavior of our operator on [0,1]

2
 and on [ -1,0]

2
,

which corresponds to the aggregation of truth with truth or of falsity with falsity. But

how to aggregate falsit y and truth, so that the operator keeps its properties on [ -1,1]

2
?

An immediate solution is to use a construction similar to the ordinal sum [ 61 ]. This

method consists in using a min or a max on [ -1,0]x[0,1]

È
 [0,1]x[ -1,0]. We obtain, this

wa y, two operators, a negative  enthusiastic  and a positive  enthusiastic .

The negative enthusiastic  will use the min in order to aggregate the truth with the

falsity, and it will alwa ys choose the falsity over the truth. Figure 10  represents this kind

of operator, where S  is a t -conorm.

The positive  enthusiastic  will use the max and will always choose the truth over the

falsity.

These two families seem to provide a nice aggregation operator. But if we take a look

closer at the negative  and positive  enthusiastic  operators, we will notice that the y have

an anno ying characteristic. These operators are not continuous around the total

ignorance.

For instance, a negative  enthusiastic  aggregation of a ver y true value with a quasi

ignorance (but true) or with a quasi ignorance (but false), will give a ver y different

result. In the first case, because of proposition 9 we know that the aggregation will be

bigger that the maximum of the two true values (i.e. a ver y true value close to 1).

Figure 10 . Negative enthusiastic aggregation

In the second case, because of the construction we will use the min, which will give a

quasi ignorance but false, (i.e. a falsity value close to 0). So the result jumps for these

two ver y close observations from a value close to 1 to a value close to 0.

Mathematicall y this is translated b y a discontinuity on {( x ,0) / x

Î
]0,1]} and on

{(0, x ) / x

                                                           Î
                                                                       ]0,1]}.

0

0

S( x , y )

n (S( n ( x ), n ( y ))
x

-1

-1

1

1

 y
min( x,y )

Studying the Operators

                                                                                        Figure 11 . Discontinuity on negative enthusiastic aggregation

Even if this characteristic is not suitable for the aggregation it is clearl y the consequence

of the choice of our attitude. We are enthusiastic , so if we observe two truth values we

take the best one, forgetting about the value close to the total ignorance. But if this quasi

ignorance becomes a falsit y value then, since we have a negative  attitude we will

choose the falsity over the truth.

We may think that the discontinuity is related to negative  attitude of the operator. But

unfortunatel y  we observe the same problem for the positive  enthusiastic  operators. This

time the aggregation of a total falsity value and two different quasi ignorance values

will give ver y different results. In fact, we are enthusiastic , so if we observe two falsity

values we take the certain one (i.e. the value close to -1), forgetting about the value

close to the total ignorance (see propert y 10). But if this quasi ignorance becomes a

truth value, then since we have a positive  attitude we will choose the truth over the

falsity.

Mathematicall y this is translated as a discontinuit y on {( x ,0) \ x

Î
[ -1,0[} and on

{(0, x )  \ x

                                                           Î
                                                                       [ -1,0[}.

0

0

S( x , y )

n (S( n ( x ), n ( y ))
x

-1

-1

1

1

 y

min( x,y )

min( x,y )
discontinuity

Chapter 5  : Aggrega ting Truth and Falsity

5.4.2  Continuous enthusiastic aggregation

Since these discontinuities can be anno ying, we can built a continuous operator using a

method inspired by the representation theorem of the continuous Archimedean t -norms

and t -conorms. In concrete terms we will base the construction of the continuous

enthusiastic operator on the use of an additive generator h . Given that on [0,1]

2

 the

enthusiastic operator equals a t -conorm, our g enerator h  should equal a generator g  of a

t -conorm on [0,1].

Mathematicall y we have that  :

                                                                                    For all x

Î
[0,1]  h ( x ) = g ( x )

( 128 )

where the function g  : [0,1]

®
[0,+

¥
] is continuous, strictly increasing, with g (0) = 0 and

g (1) = +

                                                       ¥

In order to obtain a similar behavior on the falsity domain, we use the negation to obtain

the generator on [ -1,0]  :

                                                                                    For all  x

Î
[ -1,0]  h ( x ) = n ( g ( n ( x ))) = - g ( - x )

( 129 )

                                                                                                            Figure 12 . Enthusiastic aggregation generating function

We obtain a function h  :  [0,1]

®
 ] -

¥
,+

¥
[ , which is a continuous, strictly increasing

bijection, symmetric with respect to the point (0,0) and satisf ying h (0) = 0. The

continuous enthusiastic operator being defined b y  :

                                                                                    Enthu ( x , y ) = h

- 1

( h ( x )+ h ( y )) ( 130 )

We verif y that we have an enthusiastic  operator, since it is by construction associative,

commutative and for all   x

Î
[ -1,1]

2

 Enthu (0, x ) = x  (because h (0)=0).

-1 -0,5 0 0,5 1
h ( x )

-g( - x ) g( x )

Studying the Operators

Automatically we inherit the properties 8, 9 and 10, which translate the reinforcement

behavior when observing twice the truth (or twice the falsity) and compensation when

confronting  truth and falsity.

A particularit y of this famil y is that when observing the total truth and then an y other

value (even if it is false), we will enthusiastically take the certain value (the total truth)

as the aggregated value. Mathematically  :

Proposition 12  :  For all x

Î
] -1,1]   Enthu ( x ,1) = 1.

                              Proof.  Obvious taking into account that h (1)= g (1)=+

¥

The same happens, when we observe the total falsity and an y other value, then we

choose the total falsit y.

Proposition 13  :  For all x

Î
[ -1,1[   Enthu ( x , -1) = -1.

                              Proof.  Obvious taking into account that h ( -1) = - g ( -( -1)) =  - g (1) = -

¥

Representation Theorem  :  W e have shown that our construction gives an operator

with a certain number of remarkable properties, but it is interesting to notice that it has

been shown (based on the results of [ 1 ]) in [ 55 ] that if we request our operator to be

associative, monotone, commutative, self involutive, with a neutral element and

continuous on [ -1,1]

2
 except on the points ( -1,1) and (1, -1), then it can be written under

the form (130) .

This result shows in particular that if we want an operator satisf ying the basic properties

(see section  5.2), having the same behavior for the truth and for the falsity (i.e. self

involutive) and enthusiastic with respect to the total ignorance, then the onl y continuous

solution is the one presented here.

Under the light of propositions 12 and 13 a natural question arises  : what happens when

confronting the total truth with the total falsity?   Actuall y formula (130)  does not give

any answer. Mathematicall y we observe that (130)  is continuous on [ -1,1]

2
 besides the

limit points (0,1) and (1,0), where the function is undefined. This translates the

impossibility of giving a value when observing a total truth and a total falsity. Let take

us a closer look at this "full contradiction" in the next section.

Chapter 5  : Aggrega ting Truth and Falsity

5.4.3  The full contradiction

Let us assume that the enthusiastic operator gives a value k  as result of a full

contradiction  :

                                                                                    k = Enthu (-1,1) ( 131 )

The first thing we ma y think is that the total contradiction should equal the total

ignorance. But this is impossible.

Proposition 14  :  The full contradiction is not the total ignorance ( k

¹
 0 ).

                              Proof. Let us suppose that k = 0.

                              Let us now aggregate twice the total truth and a total falsity Enthu ( -1, 1, 1).

                              On the one hand using the associativity and the boundar y condition propert y, we

                              have Enthu ( -1, 1, 1) = Enthu ( -1, Enthu (1, 1)) = Enthu ( -1, 1) = k.

                              On the other hand using again the associativity, the neutrality of the total ignorance

                              in the enthusiastic case and the hypothesis ( k = 0), we have

                              Enthu ( -1, 1, 1) = Enthu ( Enthu ( -1,1),1) = Enthu ( k ,1) = Enthu ( 0, 1) = 1.

                              So, we obtain k =1, which in contradiction with the h ypothesis.

If the full contradiction do not equal the total ignorance, what can then it be?  The

answer is presented in the Proposition 15  :

Proposition 15  :  The full contradiction equals either the total truth ( k = 1) or the total

                              falsity ( k = -1) ( Note  : or is not defined).

                              Proof.  We still suppose that the full contradiction gives a value k. We do again the

                              same reasoning as for the previous proposition but this time we know that k

¹
 0.

                             Let us suppose that the full contradiction is a truth value ( k >0) and let us aggregate

                             twice the total truth and a total falsity  :

                             Using the associativity and the boundar y condition propert y, and the enthusiastic

                             propert y described in Proposition 7 , we have

                              k = Enthu ( -1, 1) =  Enthu ( -1, Enthu (1, 1)) = Enthu ( Enthu ( -1,1),1) = Enthu ( k ,1) = 1.

                             If we suppose now that the full contradiction is a false value ( k <0) and we

                             aggregate a total truth and twice the total falsit y, we obtain, using the associativity

                             and the boundar y condition propert y, and the enthusiastic property described in

                             Proposition 8 , we have  :

                              k =Enthu (1, -1) = Enthu (1, Enthu ( -1, -1)) = Enthu ( Enthu (1, -1), -1) = Enthu ( k , -1) = -1

Studying the Operators

5.4.4  Normal contradiction with the total truth or with the total falsity

In the precedent section  we stud y  the values of the edges of the unit square for an

enthusiastic aggregation operator (see Figure 13 ). The thick lines indicate the known

areas. In the following we are going to stud y the remaining (lines A, B, C and D), which

correspond to a contradiction with the total truth or with the total falsity.

                Figure 13 . Know points for an enthusiastic aggregation admitting full contradiction

The result shown in Proposition 16  translates the fact that an y contradiction with the

total truth gives either the total truth or gives the false value.

Proposition 16  :  For all x

Î
 [ -1,1]   Enthu ( x ,1) =1 or Enthu ( x ,1) = x .

                              Proof.  Let us call x  the result of the aggregation of a truth value z  with the total

                              truth  :

                              Enthu ( z ,1) =  x .  Now, using the associativit y we have that,

                              Enthu ( x ,1) =  Enthu ( Enthu ( z ,1),1) = Enthu ( z ,  Enthu (1,1)) =  Enthu ( z ,1) = x.

                              Two cases appear  :

                              -  x

                                                             ³
                                                                      0, then using Proposition 7 , we have x  = Enthu ( x ,1) = 1.

                              -  x < 0, then Enthu ( x ,1) = x .

Note  : Proposition 7  fixes the values for the case where there is no contradiction. So,

Proposition 16  is particularly interesting for the contradiction with the total truth.

With this result and using the monotonicity property we can draw Figure 14 , where we

show the possible construction for the contradiction with the total truth ( p  being a

strictly negative value  : p

Î
[ -1,0[ ). It is to notice that we did not assume an y hypothesis

about the continuity.

0

0
x

-1

-1

1

1

 y

= 1

                                                                                                                = -1

 k = 1or k =0

= y

= x

A

D

C

B

Chapter 5  : Aggrega ting Truth and Falsity

                                                                                                                     Figure 14 . Enthusiastic aggregation of the total truth.

Now we can do an analogous reasoning in order to obtain the behavior of the

contradiction with the total falsity. We find in this case that an y contradiction with the

total falsity gives either the total falsity or the truth value.

Proposition 17  :  For all x

Î
 [ -1,1]   Enthu ( x , -1) = -1 or Enthu ( x , -1) = x .

                              Proof.  Analogous as in Proposition 16 , but this time we use Proposition 8  instead

                              of Proposition 7 .

Taking into account Proposition 17  and Proposition 8 , we can draw ( Figure 15 ) the

enthusiastic aggregation with the total falsit y. This time q is a strictly positive value

(i.e. q

                                           Î
                                                      ]0,1]).

                                                                                                                Figure 15 . Enthusiastic aggregation of the total falsity.

1

q

-1

  1

-1 q0

Enthu ( x , -1)

 x

k

1

 p

-1

1

   -1  p 0

Enthu ( x ,1)

 x

k

Studying the Operators

Taking into account the results of the full contradiction (see previous section  5.4.3) and

Proposition 16  and Proposition 17 , we immediately see that there is no continuous

enthusiastic aggregation operator.

Proposition 18  :  There is no continuous enthusiastic  aggregation operator.

                              Proof. If the full contradiction is not defined, we cannot even talk about continuity.

                              And if it is defined, we know ( Proposition 15 ) that it is either the total falsity or the

                              total truth.

                              -  If the full contradiction k  is the total falsity (i.e. k  = -1), then the enthusiastic

                                                       aggregation with the total truth is not continuous (for any p

Î
] -1,0[ ).

                              -  If the full contradiction k is the total truth (i.e. k =1), then the enthusiastic

                                                       aggregation with the total falsity is not continuous (for an y q

Î
]0,1[).

This result points out that the "best" solution for an enthusiastic aggregation operator is

the operator continuous enthusiastic presented in section  5.4.2. But taking  into account

Proposition 18 , how can we talk about continuous  enthusiastic operator ?  The answer to

this question is that the discontinuities in this case where pushed to the points ( -1,1) and

(1, -1), where the function is not defined. And if we define them, Proposition 18  applies

and we will have discontinuities at the full contradiction points (i.e. ( -1,1) and (1, -1)).

But the function is continuous ever ywhere else. Rigorousl y we should speak about an

"almost" continuous enthusiastic aggregation operator.  Note that the continuity here is

exactly the same as the continuity of the addition on the extended real line (or the

continuity of the product on [0,+

¥
].

Another simple result relating the contradictions is that if the full contradiction equals

the total falsity, then the enthusiastic aggregation with the falsity (and in particular the

contradiction) equals the total falsity.

Proposition 19  : If  k  = -1 then for all x

Î
 [ -1,1]   Enthu ( x , -1) = -1.

                              Proof.  B y definition Enthu ( x , -1)

³
 -1. And using the monotonicit y

                              -1 =  k  = Enthu (1, -1)

³
 Enthu ( x , -1). Which concludes the proof.

In the same wa y if the full contradiction equals the total truth, then the enthusiastic

aggregation with the truth equals the total truth.

Proposition 20  : If  k  = 1 then for all x

Î
 [ -1,1]   Enthu ( x ,1) = 1.

                              Proof.  B y definition Enthu ( x ,1)

£
 1. And using the monotonicit y

                              1 =  k  = Enthu ( -1, 1)

£
 Enthu ( x ,1). Which concludes the proof.

Chapter 5  : Aggrega ting Truth and Falsity

5.4.5  Normal contradiction

The results of section  5.4.4 allow us almost completely to characterize the enthusiastic

aggregation operators. In fact using the monotonicit y it is trivial to show that any

enthusiastic aggregation operator can be represented b y Figure 16  or Figure 17 , where

p

        Î
                    [-1,0] and q

                                                                                                  Î
                                                                                                              [0,1].

                 Figure 16 . Enthusiastic aggregation with a negative approach for the contradiction.

                   Figure 17 . Enthusiastic aggregation with a positive approach for the contradiction.

Figure 17  represents what we called an enthusiastic aggregation with a positive

approach for the contradiction, since if we presence a contradiction with a truth value

strong enough ( ³  q ), then the action of the operator will be to forget the false value

taking just the truth one. In the same wa y, Figure 16  stands for a negative  approach,

since we just take the falsity value when we observe a contradiction with falsity strong

enough (

                                                           £
                                                                     p ).

Note : We recall that if q or p  are different from 1, then the operator is not continuous.

0

0
x

-1

-1

1

1

 y

max( x,y )

S ( x,y )

                                                                  n ( S ( n ( x ) ,n ( y ))

                                                                                               = -1
q

q

 y

S ( x,y )

 x
min( x,y )

                                               n ( S ( n ( x ) ,n ( y ))

0

-1

1

 p

0

-1 1

 p

= 1

Studying the Operators

5.4.6  Comparison with known operators

Here again we want to compare the enthusiastic operators  to the existing ones and we

need to do a scale transformation.

The construction of the enthusiastic operator is based on a t-conorm and a negation. So,

by simple linear transformation we can obtain a t-norm or a t-conorm  :

                                                                                    For all x , y

Î
 [0,1]

2

   T ( x , y ) = - Enthu (- x , -y ) ( 132 )

                                                                                    For all x , y

Î
 [0,1]

2

   S ( x , y ) = Enthu ( x , y ) ( 133 )

But ma ybe the most natural transformation is a linear transformation from [-1,1] to

[0,1]. In this case we obtain a particular uninorm (see section 2.9)  :

                                                                                    For all x , y

Î
 [0,1]

2

   )1)2,2(

(

2

1

)

,

(

2

/

1

-

×

=
y
x

Enthu
y
x

U ( 134 )

This uninorm is particular since the neutral element e  equals 1/2 and the underl ying

t - norms and t-conorms are dual. Note that it is easy to conceive a non linear

transformation so that we obtain a uninorm with an y neutral element e  from an

enthusiastic operator.

Chapter 5  : Aggrega ting Truth and Falsity

5.5  Applications

At this point we characterized two operators devoted to the aggregation of truth values

(enthusiastic and prudent). But actuall y, the aggregation of truth values is usually being

done by conjunctive operators (t -norms) or disjunctive operators (t -conorms). So, what

is the difference between these operators and the introduced construction ?  The main

difference is that we are not interested in the logical truth value of a logical formula, but

in the aggregation of different values of truth for the same proposition. So, in order to

compute the truth value of a logical formula of the form "a is A (degree of truth x ) AND

b is B (degree of truth y )", we use of course a t -norm T  :  "(a is A AND b is B) (degree

of truth T ( x , y ))". But if we observe first "a is A (degree of truth x )" and then we observe

"a is A (degree of truth y )", then we will use a prudent  or enthusiastic  aggregation to

obtain "a is A (degree of truth Prud ( x , y ))" or "a is A (degree of truth Enthu ( x , y ))".

The aggregation presented in this chapter should be used whenever we observe different

truth values for the same proposition. A good example when this occurs is the case of

the expert systems, where several rules point to the same conclusion. In fuzzy s ystems it

is common to use in this case a t -norm (or a t -conorm), but actually the operator that

should be used is a prudent  or enthusiastic  operator. Actually, if we examine the

handling of uncertainty in non -fuzz y expert s ystems, we notice that the heuristics used

to aggregate the truth values are nothing else than operators of the families presented in

this chapter. For instance the medical expert s ystem MYC IN [ 8 ] used an almost

continuous enthusiastic  operator, based on the following generator :

î
í
ì

<

+

³

-

-

                                                                                                             =

0

)

1
ln(

0

)

1
ln(

                                                                                                    )

                                                                                     (

x
for
x
x
for
x

                                                                                            x

                                                                            h
( 135 )

Giving the global aggregation operator (for two arguments) :

ï
ï

î
ï
ï

í
ì

£

£

×

+

+

£

×

-

+

³

³

×

-

+

=

0

,

0

)

(

0

)

,
min(

1

0

,

0

)

(

)

,

(

y
x
if
y
x
y
x
y
x
if

y
x
y
x
y
x
if
y
x
y
x

y
x

                                                                             MYCIN
( 136 )

Note:  We would like to recall that this operator was proposed as an ad hoc  solution

based on a more or less probabilistic approach. And we obtained this operator as a

particular case in a formal stud y on aggregation of truth and falsity values. This fact do

not justify the ad hoc nature of  the solution adopted in MYC IN, but presents a general

framework for this kind of aggregation. We are just interested in the combination rule

(i.e. aggregation of the truth values obtained b y different rules for the same conclusion)

and not in the deduction process or in the uncertaint y propagation, which are sources of

errors (see [ 33 ], [ 34 ]).

Studying the Operators

Obviously, the use of enthusiastic (or prudent) operators is not restricted to the expert

systems. Their use is suitable in other fields as sensor fusion and decision making. More

generall y in the case of data fusion, we recommend to use these operators when several

sources (expert, sensors, etc.) give different certaint y values for the same fact (object,

statement, etc.).

Figure 18 . Multiple Source Aggregation

Another interesting case where the prudent and/or the enthusiastic operators are suitable

is the case of data received in a temporal framework. Then the revision of the alread y

received data should be performed with the proposed operators. We notice here that the

associativity becomes particularl y interesting.

Figure 19 . Temporal Data Aggregation

Concluding remarks

This chapter is a first attempt at the formalization of the aggregation of truth values in a

non logical calculus wa y. With necessar y conditions (axioms) we characterized two

truth aggregation families  : the prudent  and the enthusiastic .

The first one has a cautious  attitude choosing between two observed values the one that

is more uncertain. This defines completel y the operator, but its behavior seems not to be

ver y interesting in the case of multiple aggregation. Since the general tendenc y of the

prudent  aggregation is to tend to the uncertaint y, so for a lot of aggregations the final

result is going to be probably the uncertainty. For instance if we observe a contradiction

we are going to get stuck in the total ignorance (consequence of Propositions 1, 4

and  6).

fact

Source 2

Source 1 Source 3

fact
Info Info Info
time

Chapter 5  : Aggrega ting Truth and Falsity

The second one has an enthusiastic  behavior and will reinforce the result if we observe

twice the truth or twice the falsit y. When observing falsity and truth the operator gives a

compensated value. This seems to be a suitable way to do multiple aggregation, but we

should keep in mind the consequences of our choice :

We should not forget that these operators are commutative. In fact we assume that the

sources (sensors or rules) pla y s ymmetric roles and have the same importance. The use

of this type of aggregation is suitable if we are in presence of high priority sources  as

for instance alarm detectors or exception rules.

We have a reinforcement behavior, so we are aware of the fact that if the information of

one source (sensor or rule) is used several times we will be reinforced. We also are

conscious of the fact that information of specialized sources will be reinforced with

information coming from general sources.

It is clear that in order to use this aggregation the sources need to point to the same

conclusion and have to be working well. In other words this aggregation method do not

support inconsistent and unreliable  sources.

All the precedent inconveniences are central issues in the fusion field. Some solution are

presented in section 2.6. We can easily imagine to extend these solutions to our

operators.

Finally we would like to finish b y pointing out that in Proposition 18 , we showed that

there does not exist a completely  continuous enthusiastic operator. This leads to the

conclusion that the "best" operator is the almost  continuous one ( 130 ) . This particular

case is based on an additive generated formula. In the next chapter, we present a

proposal for the stud y and construction of this kind of operator, not based on axioms

and mathematical formulas, but on a metaphor allowing intuitional interpretation.

Chapter 6

The Balance Framework

The problem of aggregating fuzz y sets in a meaningful wa y has been of a central

interest since the late 1970s. In most cases (as we have observed in chapter 2), the

aggregation operators are defined on a pure axiomatic basis, forgetting usuall y to

give a global intuitive vision of the comportment.

This is why, in this chapter, we present a new wa y, based on a metaphor, to conceive

new aggregation operators. The use of a metaphor offers the possibility to illustrate

the mathematical and axiomatic choices, providing in this wa y an intuitive vision of

the behavior of the operator.

The results of the aggregation of truth and falsit y values (chapter 5) push us to

particularl y focus on additively generated operators. The balance metaphor is

conceived specifically for this type of operators. We also establish that this new

family is not only meaningful, but it is also enough general to include operators of

the most common aggregation families presented in chapter 2.

We start this chapter (section  6.1) b y establishing the metaphor between the balance

model and a mathematical model. We proceed to explain how this new operator can

take the form of classical operators (section  6.2). This provides evidence that we

have a general framework, that allows us to compare the different existing operators

and to create new ones.

In order to compare the global behavior of different operators, in section  6.4, we

propose to use the balance framework as a method of visualization. In this wa y we

avoid the problem due to the axiomatisation. In fact, it is generally not obvious, just

by comparing sets axioms, to know the effect of their interaction on the global

behavior. We first show how to represent the general comportment on the balance

model. Then pushing the metaphor further we discover that we can add more

information to our first scheme, as for instance the visualization of the sensitivity of

the operator, based on the derivative of the constructing functions. And finally we

illustrate on this scheme how we can anal yze a particular data aggregation, providing

a data mining tool.

Studying the Operators

          For the construction matters, in section  6.5 we use the metaphor to guide the

          construction of an aggregation operator. This methodology is not only interesting

          because it introduces reflection during each step of the construction, but also because

          the natural choices conduce to interesting aggregation operators (see section  6.6).

          One advantage of using the metaphor for putting together an operator is that we do

          not need to identify the famil y to know the behavioral properties of the operator.

          Another advantage is that the operator can be built in a progressive wa y, where each

          step has an immediate intuitive consequence.

          We conclude this chapter (section  6.7) by presenting concrete application of the

          balance framework. On the one hand we explain what kind of balance corresponds to

          the enthusiastic aggregation of truth and falsity. On the other hand we present the use

          of the metaphor as a starting point for the construction of original operators.

 Chapter 6  : The Balance Framework

                                                     6.1  Construction of the metaphor

                                                     The construction of our new mathematical aggregation operator, as we said, is based on

                                                     the metaphor of a balance. The idea is to establish a strong relationship between a real

                                                     world object, on which we have natural intuition, with an abstract mathematical

                                                     formula. In order to achieve this project we will proceed as follows  : first we will take a

                                                     physical model of a real balance. Then with the help of some basic ph ysics and some

                                                     mathematics we will obtain a mathematical model of the artifact. We will at this point

                                                     remark that the formula that gives us the total weight is a general form of a lot of

                                                     aggregation operators.

                                                     6.1.1  The physical model

                                                     The physical model of a balance we use is shown in the Figure 20 , where d

i

 is the

                                                     distance of the object i  to the fulcrum, m

i

 his mass, g  the acceleration due to the gravity,

                                                     k  is the constant of stiffness of the spring, and finally
a
 is the angle between the lever

                                                     and the horizon.

Figure 20 . The Balance model

                                                     We can now, with the help of ph ysics formulas, translate this scheme of a balance into

                                                     mathematical equations.

1
m

1
g

 m

2
g
d

1
d

2

k
u

x
                                                                                                         u

                                                                                                                 z
u

y

                                                                                  Studying the Operators

                                                                                  6.1.2  The physics laws

                                                                                  Newton’s Second Law says that the sum of the moments (forces) equals zero  :

0

2

2

1

1

&
&

&
&

&
                                                                                                                &

=

×

×

+

´

×

+

                                                                                                                        ´

                                                                                                        ×

z
u
k
d
g
m
d

                                                                                                              g

                                                                                      m
a ( 137 )

Executing the vector product, we obtain  :

( )

                           ( ) ( )

( )

0
cos

                                                                                                              cos

2

2

                                                                                          1

                                          1

1 ( i ) = i   for all i  ).

Note  :  an y permutation will also give the same result since all the weights are equal.

Since the balance equation generalizes the quasi -arithmetic mean then it also

generalizes all its particular cases  :

                                                                               Operator Lever

f ( x )

Weight

Scale h ( x )

Weights

w

i

Weight

association

                                                         arithmetic mean x x w

i

 = 1/ n any 1

                                                         quadratic mean

2
x

2 x
w

i

 = 1/ n any 1

                                                         geometric mean log x x
e
w

i

 = 1/ n any 1

                                                         harmonic mean

x

1

x

1

w

i

 = 1/ n any 1

                                                         weighted mean x x

1

1

=
å

=
n

i
i
w
any 1

Table 11 .  Balance operator in the means family.

Note  :  It is usuall y claimed that the maximum and minimum are particular cases of the

quasi -arithmetic mean. In realit y the y are limit cases, which means that we can

approach them as much as we want, but we are never going to obtain the operator.

 Chapter 6  : The Balance Framework

6.2.2  t -norms and t -conorms

We alread y introduced t -norms and t -conorms and worked with them. Please refer to

section  2.7 for definitions and chapters 3 and 4 for detailed studies on these operators.

Here we are particularl y interested in the Archimedean t -norms and t -conorms (see

section  2.7.5), because of their representation based on the additive generator. It has

been shown that for every continuous Archimedean t -norm T , there exists a continuous

decreasing function  f  such that  :

( )

÷

ø
ö

ç

è
æ

=
å

=

-
n

i
i
n
x
f
f
x

                                                                                                       x

                                                                                     T

1

)

1

(

                                                                                                              1

)

,

                                                                                                                   ,

                                                                                                 (
                                                                                                                        � ( 156 )

We remark that this representation  of an Archimedean t -norm is a particular case of the

balance equation  ( 154 ) , where f  is a continuous decreasing function ],0[]1,0[:

+¥

®
f

satisfying  f (1)=0.

h  being the pseudo inverse ( 50 )  of  f

 ( -1)

 defined b y  :

                                                                                                                      ( )

( )

î
í
ì

+¥

Î

Î

=

-

                                                                                                       -

]

),

0

(

]
if

0

)]

0

(

,

0

[
if

1

                                                                                                                 )

                                                                                                            1

                                                                                                   (

f
z
f
z
z
f

z

                                                                                         f
( 157 )

Or in a more practical form  :

                                                                                                                      ( ) ( )

( )

)

0

(

,
min

1

                                                                                                                 )

                                                                                                            1

                                                                                                   (
f
z
f
z

                                                                                         f

-

                                                                                                       - =
( 158 )

All the weights equal the unity (i.e. w

i

=1) and the association of weights is the identity

(  1 ( i ) = i  for all i  ).

For the continuous Archimedean t -conorms, we have an equivalent representation  :

( )

÷

ø
ö

ç

è
æ

=
å

=

-
n

i
i
n
x
g
g
x

                                                                                                       x

                                                                                      S

1

)

1

(

                                                                                                              1

)

,

                                                                                                                    ,

                                                                                                (
� ( 159 )

But this time the function f  of the balance equation ( 154 )  corresponds to a continuous

function ],0[

                                                                                                     ]

                                                                                              1

                                                                                            ,

                                                                                    0

                                                                              [

                                                                       :

+¥

                                                                                                              ®
                                                           g  satisfying g (0)=0.

The function h  corresponds now to the pseudo -inverse g

( -1)

, defined b y  :

                                                                                                                     ( )

( )

î
í
ì

+¥

Î

Î

=

-

                                                                                                      -

]

),

1

(

]
if

1

)]

1

(

,

0

[
if

1

                                                                                                                )

                                                                                                           1

                                                                                                 (

g
z
g
z
z
g

z

                                                                                       g
( 160 )

Or in a more practical form  :

                                                                                                                     ( ) ( )

( )

)

1

(

,
min

1

                                                                                                                )

                                                                                                           1

                                                                                                 (
g
z
g
z

                                                                                       g

-

                                                                                                      - =
( 161 )

Studying the Operators

Again all the weights equal the unit y (i.e. w

i

=1) and the association of weights is the

identity ( 1 ( i ) = i  ).

Note  :  an y permutation 1  will also give the same result for the t -norms or the t -conorms,

since all the weights are equal.

In the following table we present some examples of continuous Archimedean t -norms

and t -conorms and the different aspe cts for the construction of a balance.

                                                                                    Operator Lever

f ( x )

Weight Scale

h ( x )

Weights

w

i

Weight

association

                                                                         Probabilistic

                                                                                              t -norm

-ln( x ) x
e

- w

i

 = 1 any 1

                                                                         Probabilistic

                                                                                      t -conorm

-ln(1 - x ) x
e

-
-
1
w

i

 = 1 any 1

                                                                            Lukasiewicz

                                                                                              t -norm

1 - x

1 - min( x ,1)

=

max (1 - x ,0)
w

i

 = 1 any 1

                                                                            Lukasiewicz

                                                                                      t -conorm
x min( x , 1) w

i

 = 1 any 1

                                                                        Y ager t -norm (1 - x )
p
p x )1,
min(

1

-

=

( )

0

,

1
max
p

x

-
w

i

 = 1 any 1

                                                                                                 Y ager

                                                                                      t -conorm
x

  p
p x )1,
min(

=

( )

1

,
min
p

x
w

i

 = 1 any 1

                                                                        Table 12 . Balance operator in the continuous Archimedean t -norm

and t -conorm families.

 Chapter 6  : The Balance Framework

6.2.3  Ordered Weighted Averaging Operators (OWA)

In section  2.4, we presented the famil y of aggregat ion operators called the Ordered

Weighted Averaging Operators ( 30 )  :

å
å

=

=

-

=

=
n

i
i
i
n

j
j
j
n
x
w
x
w
x
x
x

                                                                                      OWA

1

)

(

1

)

(

2

1 1

)

,

,

,

(

s
s

� ( 162 )

where 1

                                                                        1

                                                                                                      =

                                                             å

                                                                   =

                                                                    n

                                                                i

                                                                                            i

                                                                                 w , and
s
 is the permutation that orders the elements  :

)

(

                                                                           )

                                                                     2

                                                                 (

                          )

                     1

                  ( n
x

                                                  x

   x

s

                                                         s

           s

                                                                                                                    £

                                                                                    £

                                    £

                                                                                                �

.

We remark that the equation of an OWA operator ( 162 )  is a particular case of the

balance equation  ( 154 ) , where h  and f are identity equations  : xxhxf

=

=
)

(

)

( . The

permutation

                                                                                      s
                                                                                                 is simply the wa y we associate the weights to the arguments. Here we

associate the first weight ( w

1

) to the argument placed at first on the lever, looking from

the left to the right (i.e. a

s
(1)

). The second weight ( w

1

) will be associated to the next

argument on the right of the first one ( a

s
(2)

), and so on.

Since the OWA operator is a particular case of the balance equation, all the following

operators are particular cases of the balance  :

                            Operator Lever

f ( x )

Weight

Scale h ( x )

Weights w

i

Weight association

                      the

                      minimum
x x

î
í
ì

¹

=

=

0
if

0

1

1

i
w
w

i

                      the

                      maximum
x x

î
í
ì

¹

=

=

n
i
w
w

i
n

if

0

1

                      k -order

                      statistics
x x

î
í
ì

¹

=

=

k
i
w
w

i
k

if

0

1
s
 is the permutation that

orders the elements  :

)

(

)

2

(

)

1

( n
x
x
x

s
s
s

£

£

£

�

                                                                                                                  Table 13 . Balance operator in the OWA operator case

Studying the Operators

6.2.4  Symmetric Sum

In section  2.3, we presented an interesting aggregation family characterized b y the

propert y of self -duality ( 26 ) . We recall this property  :

)

1

,

,

1

,

1

(

1

)

,

,

                                                                                                                    ,

                                                                                                (

2

1

2

                                                                                                              1 n
n
x
x
x

S
x
x

                                                                                                       x

                                                                                      S

-

-

-

-

=

�

� ( 163 )

Equation ( 163 )  is translated in the balance framework b y the fact that we would like the

operator to act the same wa y if we invert the scales. A sufficient condition for this is

first to have the same scale on the left and on the right of the lever. And second to have

the same scale on the lower and higher part of the weight scale.

Since in the case of symmetric sums we are interested in aggregation in [0,1], the

fulcrum should be placed at 1/2 (for symmetr y reasons). And then the first condition is

translated mathematically b y  :

0

2

1

                                                                                                           2

                                                                                                           1

=
÷

ø
ö

ç

è
æ

-

+
÷

ø
ö

                                                                                                  ç

                                                                                                  è

                                                                                                  æ

                                                                                                                        +
x
f
x

                                                                                         f
( 164 )

The second condition, corresponding to the s ymmetr y of the weight scale, should

translate the s ymmetr y (based on the angles) of the scale, with respect to
a
 =0. This is

translated b y  :

                                                                                               ( ) ( )

1

=

-

                                                                                                                       + a

                                                                                                  a
h

                                                                                      h

( 165 )

These two conditions are sufficient to obtain a s ymmetric sum with a balance.

                                       In fact, 1 - h ( f (1 - x )+  f (1 - y ))  = 1 - h ( f (1/2+(1/2 - x ))+  f (1/2+(1/2 - y )))

= 1 - h ( - f (1/2 -(1/2 - x )) -  f (1/2 -(1/2 - y )))

= 1 - h ( -( f ( x ))+  f ( y )))

= 1 - (1 - h ( f ( x ))+  f ( x )))

=  h ( f ( x ))+  f ( x ))

Note  :  conditions ( 164 )  and ( 165 )  are more general than condition ( 29 )  presented b y

Silvert in [ 78 ] in a quasi -arithmetic mean context.

 Chapter 6  : The Balance Framework

6.2.5  Generated Uninorms

Ver y interesting operators are the uniform aggregation operators (uninorms) (see

section  2.9). But as already remarked, the y are in general non continuous. In [ 43 ] Fodor,

Yager and R ybalov proposed an almost continuous solution : the generated uninorms

(see section  2.9.4)  :

( )

÷

ø
ö

ç

è
æ

=
å

=

-
n

i
i
n
x
g
g
x

                                                                                                          x

                                                                                     U

1

1

                                                                                                                 1

)

,

                                                                                                                       ,

                                                                                                   (
� ( 166 )

It is clear that equation ( 166 )  is a particular case of the balance equation ( 154 ) , where

the lever function  f  is a strictly increasing continuous function f =  g  : [0,1]

®
[ -

¥
,+

¥
],

so that g (0)= -

                                                                                                    ¥
                                                                                                                , g (1)= +

¥
 . The weight scale function h is the inverse function of g

(i.e. h = g

                                                          -1

                                                                     ). The weights are all equal to one, and so an y weight association 1  gives the

same result.

We remark that generated uninorm operators were alread y introduced as an interesting

class of aggregation operators b y Klement, Mesiar and Pap in [ 54 ], and were called the

associative compensatory operator (see ( 55 )  in section  2.8). The authors based the

construction of the function g  on two additive generators, one of a continuous

Archimedean t -norm (function t ) and one of a continuous Archimedean t -conorm

(function s ). Then the lever function becomes ( e  being placed at the fulcrum)  :

ï
ï

î
ï
ï

í
ì

³
÷

ø
ö

ç

è
æ

-

-

£
÷

ø
ö

ç

è
æ

-

=

=

e
x

e
e
x

s
e
x

e
x

t

x
g

                                                                                                         x

                                                                                         f

if

1
if

)

(

                                                                                                                )

                                                                                                  (
( 167 )

We recall that t  is a strictly decreasing continuous function satisfying t (1)=0. And s is a

strictly increasing continuous function satisf ying s (0)=0.

We can compute the inverse function in order to obtain the weight scale function h  :

( )

( )

ï

î
ï

í
ì

³

×

-

+

£

-

×

=

=

-

-

-

0
if

)

1

(

0
if

)

(

                                                                                                                )

                                                                                               (

1

1

1

a
a
a
a

a

                                                                                                   a

s
e
e
t
e

g

                                                                                      h
( 168 )

In the balance framework we can interpret equations ( 167 )  and ( 168 ) , b y sa ying that the

idea is to build a t -norm for the elements put on the left side of the lever (with respect to

the fulcrum e ). If we actuall y put some elements there, the balance is going to point to

the upper part of the weight scale (
a
³
0). Since we want a t -norm, we need in this part

the corresponding operator (i.e. the inverse function for the t -norm). The division and

multiplication by e  are introduced in order to obtain a full t -norm on [0, e ]. The same

reasoning can be made for the right side of the lever and for the lower side of the weight

scale.

Studying the Operators

6.2.6  Monotonic Identity Commutative Aggregator

In the previous sections we presented well known families. Here we would like to

describe an interesting operator introduced b y Yager and Kelman in [ 53 ]. This

aggregation operator was introduced after a long stud y in order to obtain the best

operator for a real operational problem and as an illustration of what the authors called

Monotonic Identity Commutative Aggregator. It was defined b y  :

                                                                                                    ( ) ( )

÷

÷

ø
ö

ç
ç

è
æ

÷

ø
ö

ç

è
æ

-

+

=
å

=
n

i
i
n
k
x
k
x
x

                                                                                                          x

                                                                                       K

1

2

                                                                                                                 1

,

1
min

,

0
max

,

,

                                                                                                                       ,
� ( 169 )

It is noticed b y the authors that if k  =0, we obtain the Lukasiewicz t -conorm and if k  =1,

we obtain the Lukasiewicz t -norm. Note that this operator was also introduce b y Mesiar

in [ 68 ] as combination of Lukasiewicz t -norm and t-conorm.

This time the relationship with the balance operator is not so obvious, but if we consider

the functions  :

                                                 ·
                                                          f  ( x ) = x - k .

                                                 ·
                                                          h ( x ) = max(0,min(1, x + k ))

We obtain  :

( )

÷

ø
ö

ç

è
æ

=
å

=
n

i
i
n
x
f
h
x

                                                                                                          x

                                                                                       K

1

                                                                                                                  1

)

,

                                                                                                                        ,

                                                                                                    (
�

( 170 )

And now it is obvious that it is a particular case of the balance equation  ( 154 ) , where all

the weights equal the unit y (i.e. w

i

=1).

In the balance framework we can see that the lever function f is nothing else than a

normal linear scale (recall ( 150 ) ). And the weight scale h is also a linear scale that

blocks on 1 for total weights higher than 1 and for total weights smaller than 0 (see

Figure 22 ). It is also to notice that the weight scale is built so that the empty balance

shows the weight k  (the neutral element).

Figure 22 . Weight scale h  for Kelman’s operator.

1

0

 x

0
k
h ( x )

 Chapter 6  : The Balance Framework

6.2.7 Other operators

Precedent sections have shown that the balance equation ( 154 )  covers a wide range of

aggregation operators, where we find operators going from the t -norm famil y to

operators like the quasi -arithmetic means, going through the OWA operators or even

some uninorms. But we do not pretend here that we generalize ever y single family. In

particular the presented balance model do not include the most important group of the

fuzz y discrete integrals, the aggregators that take into account interaction. In fact, in the

balance model, we clearly associate a weight to each argument, while in the fuzz y

integrals we associate weights to the groups of arguments. However, we can imagine

that an extended balance model will describe the association of weights to several

arguments. This will lead to include most likely the Choquet integrals, since the y are in

an additive form. But certainly the Sugeno integrals are too different to be included

under this model. We may just think about the weighted means.

It is to notice that a lot of work is currently being done on particular mathematical

aspects relative to operators of the form ( 154 )  or some particular cases (mostly where

h = f

                                    -1
                                                   ) see [ 60 ]. For instance on conditions on the function so that the operator is

associative (see [ 10 ]).

In the next section  6.3, we show that the balance equation can easil y be put under a

product form and so be used for all product based aggregation operators.

Studying the Operators

6.3  The balance equation in a product form

All the operators presented in the previous sections of this chapter are written in an

additive form ( 154 ) . Here, we show that the balance can also be put in a product form

( 171 )  :

( )

( )

÷

÷

ø
ö

ç
ç

è
æ

                                                                                                      =

Õ

=
n

i
w

i
i
x

1

)

(
s
j

                                                                                                                    c

                                                                                       b

( 171 )

In order to make the proof simpler, we start b y showing the relation for n =2 and all

weights equal to1.

Let Aggreg  be an aggregation operator of the form  :

( ) ( )

)

(

)

(

, y
x
y
x

                                                                                       Aggreg
j
j
c ×
=
( 172 )

And let us define now the function f   by  :

                                                                                                  ( ) ( )

( )

x

                                                                                                        x

                                                                                         f
j
log

-

=
( 173 )

So, we have  :

                                                                                                ( ) ( )

)

(
exp x
f

                                                                                                      x

-

                                                                                                                        =

                                                                                     j
( 174 )

Let define the function h  b y  :

                                                                                               ( ) ( )

x

                                                                                                     x

                                                                                      h

-

                                                                                                                      =
(exp
c
( 175 )

If we take now equation ( 172 )  and we replace the function
j
 by a trivial form  :

                                                                                                ( ) ( )

( )

)
log(
exp x

                                                                                                      x
j

                                                                                     j =
( 176 )

Equation ( 172 )  becomes  :

( ) ( )

( ) ( )

( )

( )

)
log(
exp

)
log(
exp

, y
x
y
x

                                                                                       Aggreg
j
j
c ×
=
( 177 )

Equation ( 172 )  becomes  :

( ) ( ) ( )

( )

( )

)
log(

)
log(
exp

, y
x
y
x

                                                                                       Aggreg
j
j
c +
=
( 178 )

If we use now the definition ( 173 ) of the function  f , equation ( 172 )  becomes  :

( ) ( )

( )

( )

( )

( )

)

(

)

(
exp

)

(

)

(
exp

,

y
f
x
f
y
f
x
f
y
x

                                                                                       Aggreg

+

-

=

-

-

=

c
c

( 179 )

 Chapter 6  : The Balance Framework

If we now use the definition of h ( 175 ) , equation ( 172 )  becomes  :

( ) ( )

)

(

)

(

, yf
x
f
h
y
x

                                                                                        Aggreg

+

=
( 180 )

We obtained the classical formulation of the balance equation, in the particular case of

two elements ( n =2) and all the weights equal to 1. The aggregation operator Aggreg  is

associative, so the generalization of this demonstration to n  elements is trivial. The

problem with the weights can be solved doing once again the demonstration, but this

time with weights, and using the propert y of the logarithm  :

)
log(

)

                                                                                      log( a
b

                                                                                                                 a
b ×

=
( 181 )

We have in this way shown that all the functions of the form ( 171 )  take the form of the

balance equation ( 154 )  with the lever function f  defined b y ( 173 )  and the weights scale

function h  defined b y ( 175 ) .

In other words we have shown that not only all operators defined on an additive form

can exploit the metaphor, but also all the operators defined on a product basis.

Studying the Operators

6.4 The visualization of Aggregation

Aggregation operators are usuall y defined b y mathematical and axiomatic choices. This

method of construction and stud y allows irrefutable reasoning, but ver y often we forget

that axioms are on the basis of the construction and that their influence (of each one or

their combination) on the final operator is not always obvious.

This is why we propose to use the balance framework as a method of visualization that

allows us to draw on a scheme the global behavior of an operator. With this global

vision, we will automatically obtain an intuitional understanding of the operator and its

global comportment.

In this section  we show how we build the scheme of the general comportment. Then we

see that we can add more information to our scheme, as for instance the visualization of

the sensitivity of the operator. And finally we illustrate how the construction of the

scheme can be used to visualize a particular data aggregation.

6.4.1  The visualization of the general comportment

As we insisted before, the visualization is fundamental for the good understanding of

the global behavior of an operator. If we want to visualize (with our metaphor) a

particular aggregator, at first we have to show that we can put it on the balance equation

form.

While establishing the analogy between the ph ysical balance model and the balance

equation ( 154 )  we introduce the notion of a topology transformation (see section  6.1.3).

This concept emerges with the apparition of the functions f  and h . Let us anal yz e first

the function f .

The topology transformation by f

As we alread y said, the function f  associates to each position x , of the natural scale of

the lever, a new value, in other words a new position. In order to visualize the action of

this functions, we can draw the transformation of a linear scale done b y the function f .

So we project, using f , a constant step from the x -axis to the y -axis. This way, we obtain

the new -scaled lever on the y -axis. (See Figure 23 )

 Chapter 6  : The Balance Framework

Figure 23 . Scale transformation induced b y f

What we actuall y do is the topological transformation of a linear scale b y f . We can now

translate this action in mathematical terms and we will obtain a direct procedure to draw

the topological transformation. In order to visualize the action of the topology

transformation f on the interval [ a , b ], on a n  point scale, we need onl y to draw on an

oriented axis the points  :

{ } ( )

÷

ø
ö

ç

è
æ

-

+

=

Î

"

n
i

a
b
a
f
f
n
i

i

�

1
( 182 )

In order to actuall y draw a balance, we need to re-scale the points to the size of the

drawn lever. For a lever of length L

×
2  and where the fulcrum is placed at the zero point

of the axis, we re-scale the points b y using  :

L

f
f
f
f

L

M
m
i
m

-

-

-

×

×
2      (

{ }

n
i
�

1

Î

"
)
( 183 )

where f

m

 is the lowest value attempted b y the function on the n points and f

M

 is the

highest one. In the case when f  is monotone,  f

m

= f ( a )  and f

M

= f ( b ) for the increasing

case and f

m

= f ( b )  and f

M

= f ( a ) for the decreasing one.

X

N ew  Lev er

Studying the Operators

When the scale is alread y constructed, we suggest to show the value x  on its new

position (i.e. f ( x )). In this wa y it is clear where each value is located (see Figure 24 ).

                                                                                                    Figure 24 . A balance with a topological transformed lever

The topology transformation by h

If we look now at the function h , we will observe that it transforms the angle between

the lever and the horizon into the value read on the weight -scale of the balance. Once

more h transforms the natural linear scale onto a new one. That is the reason wh y we

talk about topology transformation.

However here the construction of the new scale is a bit different. The scale we built

with f was constructed in order to illustrate the new positioning of arguments separated

by a constant step. Here the new weight scale has to be built in order to show the right

total aggregation with the natural functioning of the lever. This last condition is

fundamental if we want to preserve our intuition on the balance model. To be more

precise, we want that, when the lever makes an angle
a
 with the horizon, the weight

shown is h (

                                                                                a
                                                                                          ). We also expect that the numerical variation of the points appearing on

the weight scale remains linear.  In other words we want to deform a linear scale of h (
a
)

and put it on the

                                                                                                                     a
 -space. To do so, we use a similar method as for f , but this time we

will project a regular step from the y -axis onto the x -axis, and then d istort the obtained

scale into a part of a circumference (see Figure 25 ).

-0,25

-1 -0,75 -0,5 0,25

0

                                                                                                   x  value on the

                                                                               new f ( x ) position

                                                    the fulcrum on  f (0)

 Chapter 6  : The Balance Framework

Figure 25 . Scale transformation induced b y h

What we actuall y do is the projection of a linear scale b y the inverse function of h

(i.e. h

                                        -1

                                                  ). We remark that ver y often the aggregation operators require h  = f

 -1

, which

makes the calculus trivial because we alread y know f . For the remaining cases, we have

almost always a continuous strictly monotone function h , so the inverse function can be

determined. And if it is not the case, the projection can generall y be done b y doing a

piecewise treatment.

The mathematical wa y to obtain the action of the topology transformation h  on the

interval [ a , b ] with a n  points scale, is to draw the n points on an arc of circumference of

ra yon R  :

                                                                                                                       { } ( )

÷

ø
ö

ç

è
æ

-

+

=

                                                                                                         Î

                                                                                      " -

n
i

a
b
a
h
h
n

                                                                                                 i

i

1
1
� ( 184 )

In other to draw the scheme we need to place these n  points on a circumference of ra yon

L , corresponding to the size of the lever. We place the n  points b y characterizing their

( x , y ) coordinates. Let h

m

 be the lowest value attempted b y the function on the n points

and  h

                                         M

                                                      be the highest one. And let be

( ) ( )

( )

m

M
m

M
h
h
sign
h
h

H ,
max

,
max

´

=
.

Then we use the formula  :

h ( x )

Studying the Operators

                                                                                      ï

                                                                                      ï

                                                                                      î

                                                                                      ï

                                                                                      ï

                                                                                      í

                                                                                      ì

÷

ø
ö

ç

è
æ

×

-

×

                                                                                                                  =

÷

ø
ö

ç

è
æ

×

-

×

                                                                                                                 =

H
h

L

                                                                                                y

H
h

L

                                                                                               x

i

                                                                                                        i
i

                                                                                                       i

4
sin

4
cos

p
p

     (

{ }

n
i
�

1

Î

"
)
( 185 )

When the scale is alread y constructed, we suggest to put the value

( )

n
i

a
b
a

-

+
 next to

its new h

                                                              i

                                                                  - position, in order to show the total aggregation value that will be computed

for this position of the lever. (See Figure 26 )

                                                                           Figure 26 . A balance with a topological transformed weight scale

We have presented here the mathematical formulas that allow us to construct a balance

model with its topologically transformed scales. This visualization is fundamental for

the good understanding of an operator. Nevertheless another useful tool is the

visualization of the sensitivity.

-0,25

-0,5

-1

-0,75

0,5

0,25

0

0,75

New weight

scale

Equilibrium

point

 Chapter 6  : The Balance Framework

6.4.2  Visualization of the Sensitivity

In order to understand the notion of stability we will first focus our attention on Figure

23  : Scale transformation induced b y f . The function f  associates to each position x,  a

new position f ( x ). If we analyze more precisel y the form of the function, we remark that

the steeper the function f , the less serried the lever scale. This means that, for example, a

small variation of x  in a region where f  is steep will produce an enormous variation in

the aggregation. A simple wa y to quantif y this "steepness" and so the sensitivity, is to

use the derivative of f .  In Figure 27 , we have drawn on the same x -axis the function f

and his derivative function. We see that where f  is steep the derivative function

(sensitivity) is high.

Figure 27 . Derivative of f  shows the sensitivity

Now, we can directly stud y the sensitivity of the aggregation operator using the

derivative functions  : where the value of the derivative is high, the sensitivity is high.

Let us now show the wa y of building the visualization of the lever scale f  and of the

weight scale h .

Sensitivity of the lever scale.

The derivative of f  quantifies the sensitivity of the lever for a small variation of the

value of an argument ( x

i

), in other words the intensit y of the translation applied to a

weight on the lever b y the topology transformation because of this variation.

The simplest way to visualize the sensitivity of f  on the interval [ a , b ] is to draw the

derivative on this interval. But we do not have then an y reference to the position of the

fulcrum and to the lever. So we propose to draw the derivative f

¢
on the deformed lever.

To do this we draw the parametric function (variable t )  :

X

Sensitivity

f(x)

Studying the Operators

( )

( )

                                                                                      î

                                                                                      í

                                                                                      ì

¢
                                                                                                             =

                                                                                                            =

t
f

                                                                                                y
t
f

                                                                                               x

( 186 )

We can then place the derivative on the balance model. (See Figure 28 )

                                                                                                                      Figure 28 . A balance with the sensitivity of his lever

We obtained then a deformed lever and its derived function. The transformed scale

shows the new position for each point and the derivative shows for each point the

sensitivity with regard to a variation of this value. We have to keep in mind that the

translation of a weight on the deformed lever is a variation of  f ( x ) and not of x.

Sensitivity of the weight scale

The derivative of h  quantifies the sensitivity for a small variation of the total

aggregation. The simplest wa y to visualize the sensitivity of h on the total aggregation

interval [ a , b ] is to draw the derivative on the interval h

-1
([ a , b ]). We propose to draw the

derivative h

                                                                                 ¢
                                                                                        on a vertical rectilinear transformed scale next to the balance weight scale.

To do so, we draw the parametric function (variable t )  :

( )

( ) ( )

                                                                                      î

                                                                                      í

                                                                                      ì

-

                                                                                                             =

+

¢
                                                                                                            =

t
h
h

                                                                                                y

R
t
h

                                                                                               x

0

( 187 )

The translation

( )

                                                                                                              î

                                                                                                              í

                                                                                                              ì

                                                                                                                      +

0

                                                                                                                      h

R

 has been introduced to position at the right place the rectilinear

scale.

We will obtain then, a re -scaled weight scale and next to it the derived functi on. The

transformed scale shows the total aggregation values for each position of the lever and

the derivative shows for each point the sensitivity of a variation on this area. (See

Figure 29 ).

Sensitivity of f

 Chapter 6  : The Balance Framework

                                      Figure 29 . A balance with the sensitivity of the lever and of the weight -scale

Figure 29  sums up the visualization aspects presented in the previous sections, b y

showing in one figure the general comportment and the sensitivity. Now, we propose to

take a look at the visualization of a particular aggregation.

Studying the Operators

6.4.3  The visualization of a particular aggregation

We talk of a particular aggregation, when we have a specific set of values to be

aggregated, and also their weights, the aggregation formula and therefore the aggregated

value. We assume that the aggregation operator can be put in the balance equation form

( 154 )  or ( 171 ) , so that we can construct a balance model, as we indicated before. What

we want to prove here is that the positioning of the specific values on the model can be

useful in the understanding of the aggregation. The idea is to place the weights on the

balance and to anal yz e the resulting ph ysical situation.

Again if we want to actuall y draw a scheme, we need first to compute the inclination of

the lever caused b y the placement of the weights  (i.e. the angle
a
). In order to compute

this angle we use the balance equation without the topology transformation h (i.e. the

function that gives us what we read on the scale). And we normalize the angle so that in

the extreme case we obtain an angle of

4
m

±
. Using the notations introduced before, the

normalized angle will be  :

( )

H
x
f
w
n

i
i
i
å

=

×

×

                                                                                                                    -

                                                                                                     = 1

)

(

4
s
p

                                                                                     a

( 188 )

With this angle the lever will point at the total aggregation value on the transformed

weight scale. The balance has now the right position, but it does not have any object on.

The weights can be represented b y a rectilinear line of a length proportional to the

weight associated to the argument. This object will be placed with the help of the

function f , in the same wa y as explained before. Taking into account the rotation of the

lever, the position of the object

( )

i
i
x
w ,

)

(
s

 will be  :

                                                                                      î

                                                                                      í

                                                                                      ì

×

×

)
sin(

)

                                                                                                          (

)
cos(

)

                                                                                                          (

a
a

                                                                                                                        i

                                                                                                                        i

                                                                                                                 x

                                                                                                  f

                                                                                                                 x

                                                                                                  f

( 189 )

Using formula ( 189 ) , we can draw all the weights that have been used for the particular

aggregation, and look at their distribution. We obtain a graph like the one shown on

Figure 30 .

 Chapter 6  : The Balance Framework

                                           Figure 30 . A balance with the sensitivity of the lever and of the weight -scale

On this particular example we observe that there is onl y one argument that is on the left

of the fulcrum and all others on the right. We note that the weight of this argument is so

important that the lever balanced onto the left. We understand that there is  a strong

argument against a lot of small arguments. Subsequently, it ma y be interesting to take a

closer look at this "big" argument, because it can be for example an error.

We can also look at the sensitivity of the place where it is located, and in this wa y we

will know if a small variation of this value will change a lot (or not) his position. We

can also take a look at the sensitivity of the area of the total weight, this time we will

know if a small variation of an y of the arguments will change a lot the total aggregation.

Studying the Operators

6.5  Building an Aggregation Operator w ith a

Balance

We started the chapter b y establishing the metaphor between a balance and a

mathematical aggregation operator ( 154 ) . We showed that not only this new famil y is

meaningful, but also it is enough general to include operators of the most common

aggregation families and their specific comportment. Then we took advantage of the

metaphor to study the operators of this form, b y developing some visualization

methods.

In this section, we present a methodology, based on the metaphor, to conceive new

aggregation operators. The use of a metaphor offers the possibility to illustrate the

mathematical and axiomatic choices, providing an intuitive methodology for the

construction of an aggregation operator.

Figure 31 . Steps to build a balance

The idea of the methodology is to follow the natural wa y of building a balance (see

Figure 31 ). We will first place the fulcrum, which corresponds in some situations to the

neutral element. Then we will put the lever and its scale b y fixing the function f . The

construction of the total -weight will be done b y the choices of the h  function. We will

finish by discussing how to associate the weights to the different arguments.

1. Placing

the fulcrum

3.  Building the

weight scale

2. Building

the lever

                                    4. Weight

                            association

 Chapter 6  : The Balance Framework

6.5.1  Placing the fulcrum  : the neuter  element.

The first thing to do is to place the neuter  element e , which corresponds in our metaphor

to place of the fulcrum. The neuter  element is a value associated to an argument that

should not have an y influence in the aggregation.  Once the neuter  element is fixed, we

remark that if we have two arguments on the same side (both on the left of e  or on the

right) we have a reinforcement comportment.  But if the y are disposed on both sides we

will have a counterbalance behavior. So the position of the neuter  element not only

implies the neuter  value but also the distribution of negative and positive reinforcement

areas. Once the value of e  is fixed, then the next step is to choose the function f.

6.5.2  Constructing the lever  : the function  f.

Fixing the image of the neuter  element  :  The first thing that we have to do is to take

into account our previous choice (the neuter  element). Then, taking into account our

notation, the function f we choose has to equal zero for the neuter  element e  :

0

                                                                                                               )

                                                                                                  (

=
                                                                                                        e

                                                                                         f
( 190 )

The form of the function  :  Now that we fixed one point, we have to choose the form of

the function f . We know that f  performs a topological transformation on the scale of the

lever. We can interpret the action of this function, sa ying that it positions the arguments

on the balance. In other words, the form of this function will change the placement of

the weights. To illustrate this, let us consider for example that f   is constant on an

interval, then all arguments on this interval will be placed at the same position. Another

important aspect related to the form is that the farther the elements are placed from the

neuter  element the more influence the y will have. An element is placed far if the value

of the function f  at this point is high.

The steepness  :  If we anal yze more precisel y the form of the function, we will remark

that the less the function f  is steep in a region, the more the elements in this region will

be placed in a serried way. This means that, for example, a small variation of x  in a

region where f  is steep will produce an enormous variation in the aggregation. A simple

wa y to quantif y this "steepness" and so the sensitivity, is to use the derivative of f . For

more details about this particular aspect, see section  6.4.2. In mathematical terms, when

the derivative of f  is high then the sensitivity is high. To illustrate this, let us consider

the limit case, when the value of the derivative is zero. This implies that the function f  is

constant. We have seen that in this case all arguments are placed at the same position.

The monotonicity  :  Taking into account the fact that f  is a topological transformation

of a scale, a natural choice is to consider that the function f  is monotone. This means

that you will have a gradual comportment  : the more you move awa y (or approach) an

argument from the neuter  element, the more (or the less) it will have an influence on the

result. This characteristic seems for some authors as compulsor y for the aggregation

operators [ 58 ] and appears in their definitions (axioms). But after all, we may decide

that we do not need this property. This may be interesting if, for example, we want that

Studying the Operators

after a certain threshold the influence of the arguments decrease, because for instance

the arguments are too extreme. We can perform this behavior b y changing at this point

the tendenc y of the monotonicity.

The continuity  :  Another natural choice is to use a continuous function. This means

that you will have a regular positioning on the lever. Indeed the continuity translates the

fact that if you change a little an argument, its position will change just a little, without

jumping. Again we ma y decide that, after a threshold, the arguments have to be placed

at another location on the lever. This can be performed b y a discontinuity at the

threshold. An example of such t ype of functions is a step function. In this case groups of

arguments are placed on precise positions.

6.5.3  The weight scale  : the function  h .

We can interpret the action of the function h , sa ying that it associates to the angle

between the lever and the horizon the value read on the weight -scale of the balance.

Weight of an empty balance  :  Taking into account that we fixed the neuter  element,

we should now choose the value we would like to obtain if the aggregation is performed

with only neuter  elements. This can be interpreted as choosing the value that will be

showed b y an empt y balance. Mathematicall y this is translated b y the choice of the

value of h (0).

The form of the function  : After we fix this point we must decide the form of h.  This

function performs a topological transformation on the total -weight scale, in the same

wa y as f  does on the scale of the lever. So, we can now appl y all the remarks for f  to h ,

taking into account that this time the function h  acts on the aggregated value of all

weights and not on the individual weights as f  does. For instance, if h  is constant on an

interval, this will mean that the total weight on this interval will not change. More

generall y, if we now consider the sensitivity we observe that, on a point where the value

of the derivative of h  is high, a small variation of any  of the weights will produce a

significant variation of the total -weight.

The monotonicity  : Here again it is natural to choose a monotone function. But if we

do not, we will observe some strange behaviors  : for example if we keep increasing the

weight of one of arguments then the total weight ma y change its tendenc y (from

increasing to decreasing or vice -versa). This ma y be interpreted b y sa ying that we

consider that after a threshold the total -weight is considered extreme and we decrease its

value.

Note that if we use non monotone functions we may obtain non monotone aggregation

operators. Even if this maybe need in particular case, this does not fit anymore with our

set of axiom for an aggregation operator (see section 1.1)

The continuity  : Another natural choice is the continuity. But a discontinuity can be

interpreted as a jump on the total weight scale. For example a step function implies that

the balance round off the final weight.

 Chapter 6  : The Balance Framework

The global behavior  : Since the function h  arrives at the end of the construction we

may have some global behavior. For instance we ma y be interested in the aggregation of

a single element a (or its equivalent  : the aggregation of an element with a neuter

element). It seems natural to expect then to have a total weight equal to a . For some

authors [58 ] this seems so fundamental that it is included in their definition of an

aggregation operator. But this constraint has strong consequences. Mathematically we

have  :

( )

( )

a
a
f

                                                                                                                    h

                                                                                                 a

=

                                                                                      "

( 191 )

It implies that on the domain where the aggregation is performed, the function h  is the

inverse function of  f  :

1

-
                                                                                                   =
                                                                                                                    f

                                                                                      h
 on the aggregation domain

( 192 )

This constraint reduces considerabl y the libert y regarding the construction of the

aggregation operator. But if we do not respect this restriction, how could we interpret

the loss of propert y ( 191 ) ?  The first thing to remark is that if the aggregation is done on

a great number of elements it may not be shocking that the aggregation of an element a

lost among a large set of neuter  elements do not give a  as a final result. An interesting

wa y to relax ( 191 )  is to reduce the domain of the constraint from all a  to the onl y neuter

element  and the boundaries .

                                                                                   Studying the Operators

                                                                                   6.5.4  Association of Weight  : the function

1

                                                                                   Now when the construction of the balance is completely defined, we can examine the

                                                                                   method to associate the weights to the elements. We should not confuse the association

                                                                                   method with the weight calculation procedure. These two questions are closel y related

                                                                                   and ma y easil y be merged. Here we assume that we know alread y the values of the

                                                                                   weights and we stud y the association method. We distinguish 3 different types  :

                                                                                   Object association  :  This method of association consists in assigning a weight to each

                                                                                   argument. This is the most often used procedure. On the balance equation (154)  it

                                                                                   FRUUHVSRQGV�WR�WKH�DEVHQFH�RI�WKH�IXQFWLRQ� 1

�6LQFH�KHUH� 1 �KDV�QRQH�SDUWLFXODU�SURSHUWLHV

                                                                                   we usuall y assume that the weights have the same index as their corresponding

                                                                                   DUJXPHQW�L�H� 1 � i ) = i ). Figure 32  illustrates this by associating the weight number 1 to

                                                                                   the argument (position) number 1, the weight 2 to the position 2, and so on. A good

                                                                                   example where object association is used is the case of the weighted means.

Figure 32 . Object association of weights

                                                                                   Ordinal association  :  This method consists in ordering (b y some method) the

                                                                                   arguments and then to associate the first weight to the first argument, the second to the

                                                                                   second one and so on. On the balance equation (154)  it corresponds to using a

                                                                                   SHUPXWDWLRQ� 1 �WKDW�RUGHUV�WKH�DUJXPHQWV�LQ�DQ�LQFUHDVLQJ�RU�GHFUHDVLQJ�ZD\�WKH

                                                                                   associating function being then 1
-1

. A good example of aggregation operators where this

                                                                                   is used are the  OWA operators. From a mathematical point of view this method

                                                                                   corresponds to the s ymmetrization of the first case. Figure 33  illustrates this method and

                                                                                  ZH�VHH�WKDW�WKH�ILUVW�ZHL JKW�LV�DVVRFLDWHG�WR�WKH�VPDOOHVW�DUJXPHQW�DUJXPHQW�L�H� 1 �

                                                                          �7KH�ZHL JKW�QXPEHU�WZR�LV�DVVRFLDW HG�WR�WKH�QH[W�RQH�DUJXPHQW�L�H� 1 � �

1RWH�WKDW�KHUH� 1

                                                                                                            -1
                                                                                                                        orders the arguments in an increasing form.

 Chapter 6  : The Balance Framework

Figure 33 . Ordinal association of weights

Cardinal association  :  This method consists in placing the elements on a scale and

associating the weights according to their position. This new wa y of associating weights

FDQ�EH�PDWKHPDWLFDOO \�WUDQVODWHG�E \�V D \LQJ�WKDW�WKH�DVVRFLDWLQJ�IXQFWLRQ� 1 �GHSHQGV�QRW

anymore on i , as written in the balance equation (154) , but on x  (i.e. 1 ( x )). Figure 34

illustrates this method and we see that for example arguments 3 and 5 are obtaining the

same weight 1, while argument 4 is associated to weight number 2.

                                                                                                               Figure 34 . Example of Cardinal association of weights

Studying the Operators

Other associations  :  The metaphor allows the introduction of other kinds of association

as for instance to associate the lightest weight to the smallest argument, the second

lightest to the second smallest, and so on (see Figure 35 ). This will give an operator that

insists on the "best" (i.e. highest) arguments. The symmetric operator is also an

interesting operator. We can also imagine more sophisticated associations as for

instance associating the lightest weight to the closest argument to the fulcrum, the

second to the second and so on. This time the operator insists on the arguments far from

the neuter element.

                                                                                                              Figure 35 . Example of other type of weight association

The study of the association of weights is clearl y an important issue. The balance model

clarifies and opens new perspectives in this area. However it is important to notice that

in the balance model we associate one weight per argument and there are no

"interaction -weights" attributed to sets of arguments, as it is the case for instance for the

Choquet integral.

 Chapter 6  : The Balance Framework

6.6  Why is the construction interesting ?

The first reason of wh y the balance is interesting is of course the fact that using a

physical model for the metaphor we obtain an intuitive representation of the operator.

This induces that we ma y simply understand the behavior without using mathematics. It

also may inspire (intuit) new interesting properties and constructions.

6.6.1  Behavioral properties

Now, if we forget about the metaphor and think about our model as just an aggregation

operator, we will notice the interesting properties (see chapter 1)  :

Weights of parameters  : the weig hts are introduced in a natural wa y and do not perturb

the commutativity. In fact, equation ( 154 )  without weights is clearl y commutative.

Since we consider an association function for the weights, this means that we can put

the arguments wherever we want and the function will manage to associate the right

weight to the right argument.

Reinforcement and Counterbalance  :  These  properties seem to be interesting [ 90 ] in

fuzz y modeling and decision making. And the y appear naturall y on the balance. We

intuitively know that arguments put on the same side of the balance will create

reinforcement and arguments put on both sides (with the fulcrum in the middle) will

create counterbalancement.

Interpretability of the parameters  : Since we use a metaphor, the parameters have a

real ph ysical meaning. In the previous sections we show the analogy between fulcrum

and neuter element, lever and function f , weight scale and h , etc.

Neuter  element  : It represents the value  associated to an argument that has no influence

in the aggregation. This again seems to be an interesting property in fuzz y modeling and

decision making.

6.6.2  Mathematical properties

Let us now take a more mathematical point of view. Since usuall y we aggregate finite

real numbers, we will restrict this discussion to operators acting on the unit interval (i.e.

[0,1]). It has been shown [ 29 ] that if we require the aggregation operator satisfies some

reasonable properties (see below), then all these operators can be written in the form  :

( ) ( )

( )

2

1

1
x
f
x
f

                                                                                                                    f

+

                                                                                                    = -

                                                                                     a
( 193 )

where f ( x ) is continuous and strictl y increasing. And the reasonable properties are the

following  :

                                                      ·
                                                               Continuity on the unit square except on the point (0,1) and (1,0).

                                                      ·
                                                               Requirements related to the Pareto optimum (monotonicity).

                                                      ·
                                                               Associativity.

                                                      ·
                                                               Self -duality with respect to a strong negation.

Studying the Operators

Another reasonable propert y set leading to the same result was proposed in [ 55 ]. The

authors required the cancellation law on the open unit square (i.e. ]0,1[

2

), instead of the

self -duality.

6.6.3  The natural choices

We observe that (193)  is a natural  construction of the balance equation (154)  where all

the weights equal the unit y. B y "natural" we mean the fact of using h = f

 -1

, even if it is

not a constraint. In fact if we take into account the constraint (191) , then we have

automatically this propert y.

Another natural  choice usuall y performed while constructing a balance is to place the

neuter  element somewhere within the unit interval. This propert y combined with the

previous choice (see (192) ) seems to give interesting operators. In fact from a

theoretical point of view, several authors have proposed this operator under different

names  : associative compensator y operators [ 55 ], aggregative operator [ 29 ], or

generated uninorms [ 43 ].

Several authors [ 55 ],[29] have shown under several forms that if we take the following

natural choices for the f  function  :

                                  ·

                                                                        [ ] [ ]

¥

¥

-

                                                                                                     ®
,

                                                                                       1

                                                                                    ,

                                                                            0

                                                                  :

                                                       f

                                  ·

                                                                                           ( ) { }

+¥

¥

-

                                                                                                               Î

                                                                        +
                                                         ®

,

0

,

                                                     lim

                                                                   0

                                                                                                 x

                                                                                  f

                                                    x

                                  ·

                                                                                          ( ) { }

+¥

¥

-

                                                                                                              Î

                                                                       -
                                                         ®

,

0

,

                                                     lim

                                                                   1

                                                                                                x

                                                                                 f

                                                    x

                                  ·
                                           f  is continuous

                                  ·
                                           f  is strictly monotone

                                  ·
                                           h = f

                                                                                 -1

    Then the balance operator will be  :

                                  ·
                                           associative

                                  ·
                                           continuous, it may not be the case for  the onl y points (0,1) and (1,0)

                                  ·
                                           strictly monotone increasing on the open unit square

                                  ·
                                           h (0) is a neutral element

                                  ·
                                           commutative (if we consider that the weights are associated to the arguments

                                                           and not to their position in the mathematical formula).

This result seems ver y encouraging for the use of this model, since its natural  choices

seem to give interesting operators. But these natural  choices are just preferences and

not constraints, in fact the balance model tolerates ver y strange constructions.

 Chapter 6  : The Balance Framework

6.7  Ap plications

Aggregating Truth and Falsity

The aggregation operators obtained with the balance can belong to known families. But

we are particularl y interested in the almost continuous enthusiastic aggregation

operators (see section  5.4.2) since it seems to be the suitable wa y to aggregate  truth and

falsity values in a non logical -phrase calculus wa y.

We observe that an almost continuous enthusiastic aggregation ( 130 ) , corresponds to

the ver y nice balance that has the fulcrum at zero point, the lever scale is symmetric

with respect to the fulcrum and is not bounded. The weight scale is built so that the total

weight of a single argument equals its value, which leads to h = f

 -1

.

Using the balance framework we identif y a particularl y interesting operator, because of

its mathematical simplicity. This almost continuous enthusiastic operator is generated

with the function f  : [-1,1]

®
 [-

¥
,+

¥
] :

÷

ø
ö

ç

è
æ

-

+

=

x
x

                                                                                                         x

                                                                                         f

1

1

ln

                                                                                                                )

                                                                                                  (
( 194 )

The inverse function being :

1

1

)

                                                                                                              (

                                                                                                        1

+

-

=

                                                                                                   -

y
y

e
e

                                                                                                                      y

                                                                                         f ( 195 )

Using this generator, we obtain a ver y simple (mathematically and computationally)

formula. We have for n  arguments :

Õ

Õ

Õ

Õ

=

=

=

=

-

+

+

-

-

+

=

n

i
i
n

i
i
n

i
i
n

i
i

n
f

x
x
x
x

x
x

                                                                                       Enthu

1

1

1

1

1

)

1

(

)

1

(

)

1

(

)

1

(

)

,

,

(
� ( 196 )

Because of the associativit y  formula  ( 196 )  can be used under a two-arguments form :

y
x
y
x

y
x

                                                                                       Enthu

f ×
+

+

=

1

)

,

(
( 197 )

In section 5.5, we indicated the particular operator used in a famous expert system

(MYC IN) and we proposed a generator. Here using the step b y step construction

methodology presented in section  6.5, we were able to build a parameterized almost

continuous enthusiastic operator. The parameter controlling the sensitivity, that

corresponds to intensity of the reinforcement in the aggregation of truth and falsity

values.

Studying the Operators

The operator presented in section 5.5 is based on the function "-ln(1- x )". Using a

balance visualization and some tries-out, we arrive to the conclusion that one wa y to

control the sensitivity is to introduce a power function. We obtain like this the

generator  h : [-1,1]

®
 [-

¥
,+

¥
]  (with parameter r > 0)  :

ï

î
ï

í
ì

<

-

-

³

-

-

                                                                                                             =

0

)

)

(

1
ln(

0

)

1
ln(

                                                                                                   )

                                                                                     (

1

1

x
for
x
x
for
x

                                                                                            x

                                                                            h

r
r

( 198 )

And we obtain for two arguments the following almost continuous enthusiastic

operator  :

                                                                                                                        ï

                                                                                                                        ï

                                                                                                                        ï

                                                                                                                        î

                                                                                                                        ï

                                                                                                                        ï

                                                                                                                        ï

                                                                                                                        í

                                                                                                                        ì

÷

÷

÷

ø
ö

ç
ç
ç

è
æ

-

-

×

+

³

×

×

-

+

×

+

                                                                                                          =

otherwise

y
x
y
x
y
x

y
x
sign
y
x
for
y
x
y
x
y
x
sign

                                                                                        y

                                                                         x

                  Enthu
r

r
r
r
r
r
r
r
r

r
r

                                                          h

)

,
min(

1

)

,
min(

)

,
max(

)

(

0

)

)

(

(

)

(

                                                                                                )

                                                                                ,

                                                                  (

1

1

1

1

1

1

1

1

1

( 199 )

Even if (199)  looks particularl y complex, we would like to emphasize the fact that this

operator is not only continuous  on [-1,1]

2

 (besides the extreme points (-1,1) and (1,-1)).

But also, as an enthusiastic operator, it is associative, commutative and monotone.

The parameter r  translates the "intensity of the reinforcement property". So, we have

that  :

                                            ·
                                                     When  r

®
 0, then we tend to "no reinforcement". We obtain at the limit case

                                                                     an operator that for the aggregation of two truth values, will just choose the

                                                                     most truth one. (i.e. there is no reinforcing that will give a greater value than

                                                                     the most truth one). Mathematicall y, we have that for x,y

³
0, when r

®
 0,

                                                                     then  Enthu

h

( x,y )

®
 max( x,y ).

                                            ·
                                                     For r  =1, we have that Enthu

h

 is nothing else than the operator used in

                                                                     M YC IN.

                                            ·
                                                     When  r

®
 +

¥
, we tend to the drastic reinforcement. The limit being an

                                                                     operator that for two truth values (

¹
0) gives the total truth and for two falsity

                                                                     values (

¹
0) gives the total false.

We use this particular operator in an application related to video quer ying. For more

information on this, refer to chapter 8. Here, the metaphor helped us to identif y and to

establish interesting truth and falsity aggregation operator, but it also provides a rich

support for interpretation and introduction of new ideas.

 Chapter 6  : The Balance Framework

The introduction of new operators and new problems

In this chapter we presented an analogy between a general aggregation operator and the

physical model of a balance. The faculty of the balance operator to take the form of

most operators of the classical families allows us not only to have the behavior of each

family, but also to compare it on the same general framework. But without taking into

account the generalization ability, the balance operator can be considered as a good

operator, because the parameters are interpretable, we can use weights, we can control

the behavior, it presents a neuter  element and it has other interesting mathematical

properties as reinforcement, counterbalancement and commutativity. Also several

mathematical results (see section 6.6.3) point out that when doing the natural choices

we obtain ver y interesting operators. These choices  are not compulsor y constraints,

leaving a particular freedom to new construction and/or problems.

We can also obtain new operators. We understand b y "new", operators that have not

been precisel y studied. This is obvious since all of the operators obtained in this

framework will have the known mathematical form (154) . Examples of this new

operators which will lead us to further works are operators where the constraint (191)

will be relaxed to only some points, as for instance to the onl y neutral element e  :

                                                                                                                ( )

                                                                                               ( )

e

                                                                                                                     e

                                                                                                       f

                                                                                      h

=
( 200 )

Even if this relaxation may look like strange in section 6.2.6, we presented an operator

(used in a real problem) that onl y satisfies ( 200 )  and not ( 191 ) .

We can also study operators having a cardinal method for the weight association :

( )

÷

ø
ö

ç

è
æ

×

=
å

=
n

i
i
x
n
x
f
w
h
x

                                                                                                                   x

                                                                                     WA

i

1

)

(

1

)

,

,

                                                                                                            (

s

� ( 201 )

A particular attention should be given to the association of weights, where we have a

mine of ideas and problems available. We can also take a look at an y other construction

using crossing methods from well -known families, as for instance making ordinal

association to operators other than the weighted mean. As for instance t -norms leading

to ordered weighted t-norms.

( )

[ ]

i
i
n

i
n
w
w
x
w

S

T
x
x
x

                                                                                          OWT

n

,

1

)

,...,

,

(

)

(

1

2

1

,

,

1
s

-

=

=

�

 ( 202 )

We should not forget either the possibility of constructing strange operators, where we

use non -monotone or non -continuous functions. As for exa mple the function that rounds

numbers to one decimal.

( )

÷

ø
ö

ç

è
æ

×

=
å

=
n

i
i
i
n
x
f
w
round
x

                                                                                                                  x

                                                                                       RA

1

)

(

1

,

0

                                                                                                                        1

)

,

,

                                                                                                           (

s

� ( 203 )

Clearly the balance model can be seen not only as a stud y framework or a construction

method. It is a mine of ideas, it is a rich metaphor that we should exploit.

Third Part

                                                                                        The Video Querying

The information revolution we are participating in, is making of the video a main

actor, because of its richness,. But the problem of finding the information we want is

complex issue. Here we are not dealing with text where we can easily extract the

more frequent ke ywords, here we are dealing with imprecise, uncertain and

incomplete information.

In this third part we present how the theoretical results, shown in the second part, can

be implemented in order to solve the problem of the aggregation of imprecise,

uncertain and incomplete information in the multimedia case. Our multi -media being

the video channel. We divided this section  into two chapters  :

In chapter 7 , we present a model that allows to browse a video using imperfect

temporal queries. We propose a fuzz y quer y s ystem based on fuzz y continuous

annotations. This model follows the spirit of Zadeh’s idea "Computing with words".

We introduced a dictionar y with the basic concepts and the wa y to construct new

ones. All the aggregations being done in a logical wa y, we use t -norms and

t -conorms. But the choice of the operator is not an eas y task, so we use results of

chapter 3 to help us. We also notice that in the case of the video the number of

aggregation can easily explode, so we propose to use the fast operator proposed as

result of chapter 4.

Although, when aggregating different sources indicating the same result, we should

use another kind of aggregation than t -norms and t -conorms, as explained in chapter

5. In Chapter 8 , we illustrate this and we present a  Java based in -video search

engine that uses a continuous enthusiastic operator (see section  5.4.2) to aggregate

the matching quer y criteria. The operator was studied and tuned using the balance

framework, presented in chapter 6.

Chapter 7

Browsi ng with Words

In this chapter, we focus on how to navigate in an annotated video b y making

temporal queries. The annotations ma y be in a database with other information. We

assume that the annotations are precisel y time - indexed, but their attached

information may be uncertain. In other words, we know precisel y at what time of the

video something happens, but we are not completel y sure about ever ything

associated with the event. We note that this information may come from automatic or

manual indexing. In order to handle this unavoidable uncertainty we propose to use

fuzz y methods. We work here on scale the traditionally used scale (i.e. [0,1]) and all

the aggregations are of the logical t ype (i.e. t-norms and t-conorms).

We introduce, following the spirit of Zadeh’s idea [ 99 ] of "Computing with words", a

dictionary with the basic concepts and methods for constructing new ones. Since in

this approach we just have logical Computing with words allows us to have a human

friendl y interface. With this vocabular y and the logic tools introduced, the user will

be able to realize human type queries. We focus on the time related queries

[ 84 ], [ 13 ], [ 88 ]. We remark that our dictionar y contains notions such as time

positioning, time descriptors and time relationships. We show how to combine them

in a uniform wa y in order to construct the queries. However the choice of the

operators being a difficult task, we use the results of chapter 3 to make a choice.

We also notice that the stream of information in the video channel is so high that for

the simplest calculi we have to do a untold set of aggregations. Results of chapter 4

help us to face this problem, b y using a non associative approximation of Yager

t -norm.

Let us start by explaining the most common wa y information is attached to a video,

the annotations. And what we exactly understand by a fuzz y continuous annotation.

 Application  : Video Querying

7.1  Fuzzy continuous annotations

7.1.1  Definition and examples

The actual works (see [ 50 ], [ 64 ], [ 49 ], [ 79 ], [ 88 ]) on query s ystems for video are based on

the use of annotations. These annotations can be considered as information contained in

a database associated to the video and indexed b y the time. These annotations can be

extracted from the video manually or automatically.  With the automatic way it is clear

that a lot of uncertainty arises. Just to give an example, the automatic face recognition is

not, at this time, a hundred percent process.

But even the manual indexing, which can be considered as the most reliable wa y of

obtaining the annotations, contains uncertainty. Not because of human errors, but

because of the complexity of the world.  For example when annotating night and da y

scenes, we can have a smooth passage from the day to the night. So we propose here to

use fuzz y annotation to enrich the descriptions.

We call fuzz y annotation a classical annotation accompanied b y a degree of certainty of

the information (and not of the time indexing this annotation). This degree is usuall y a

value between 0 and 1 (zero for completely uncertain and one for completely certain).

So, for example an annotation can be  : "At minute 6 the actor on the scene is Robert

with a degree of certaint y 0.75".  Which means that we think that the actor is Robert but

we are not totally sure. We notice here that we assume the indexing time (6 minutes) to

be certain.

We speak about continuous  annotations because we consider that we have the

information for ever y time. Now, we can represent this information on a graph, where

the x -axis is the indexing tim e of the film and the y -axis is the degree of certaint y. Note

that the actor appears for a period of time so that we have a curve and not a point.

Figure 36 . Fuzz y Annotation  : "Robert appears" .

In an analogous wa y we can represent on the indexing time axis an annotation like  :

"Between the minutes 10 and 11, we are sure that there is a dialog, but the beginning

and the end of the dialog are not precise".

Indexing time of the video

                                                                                           "Robert appears"

                                                                                                                       1

0

Chapter 7  : Browsing with words

Figure 37 . Fuzz y Annotation of a dialog

We remark that fuzz y annotations are a generalization of classical ones. We can obtain

classical annotations b y using only the degrees 0 and 1 of certainty.  Now that we have

these annotations (fuzz y or not), we want to use them in order to extract information. So

in the following we propose a fuzz y time related quer y s ystem. We introduce first what

we call the fuzz y vocabular y.

Minutes indexing the video

"Dialog between

minute 10 and 11"

1

0

10 11 15
8

 Application  : Video Querying

7.1.2  Placing the video player

Placing the video pla yer at the starting time is not a trivial issue. Since we have fuzz y

annotations, we do not know exactly when the event starts. If we use just certain

information, the video pla yer will alwa ys be placed after the real start of the event we

are looking for. This will force the user to rewind in order to see the beginning, and it is

not something we want. Taking this into account, we ma y think that a good solution is

to start at the point where the membership function starts (i.e. not null). This time the

video player will be placed too far in advance and the user will have to wait until the

event happens. This is clearl y not a good solution either.

The action of indicating an exact start time, can be seen as a defuzzification process. We

use an approach, based on the alpha -cuts. The idea is to work b y alpha -cuts. Here, we

propose to simply take as starting time(s) the minimum(s) of the (intervals) of the 1/2

cut . This gives us a point(s) where we are more or less sure that it starts. We pre -select

this alpha -cut, but we leave the possibility to the user to change its attitude for the

defuzzification. For more details on this kind of defuzzification method refer to our

paper [ 18 ].

However, we leave to the user the possibility of increasing and decreasing the alpha

value. In Figure 38 , we see that the user can choose the alpha value with a scroll bar and

observe directly the consequence of its choice.

In the previous lines we used the parenthesis to point out that they ma y be several

moments in the movie answering to the question.

Figure 38 . Choosing alpha for the defuzzification

Chapter 7  : Browsing with words

7.2  Fuzzy time vo cabulary

In the spirit of Zadeh’s idea of computing with words [ 99 ] and Yager’s work in [ 88 ], we

propose to construct a fuzz y time related dictionary. This thesaurus will allow us to

handle imprecise time quer ying.  Using this we will be able to use time positioning

definitions such as beginning , end  and middle , to use imprecise time duration such as

about  five  minutes , long  and short  time  and to use time relationship like after , before

and close . We will also see how to modif y and combine them.

7.2.1  Time positioning

One of the things, which we ma y want to express, is a fuzz y positioning (of an event) in

the time. This concept gives us an imprecise location in the time, to which we refer.

Examples of this kind of concept are  beginning, middle  and end .

Figure 39 . Beginning, Middle and End.

We remark here that the fuzz y beginning , middle  and end  are defined in relationship to

the total reference time. We note that these notions are personal and so the user should

personalize his translations, but alwa ys on a reference scale.

Time indexing the video

"Middle"

                                                                                                     1

                                                                                                        0

"End"

"Beginning"

3T/10 9T/10

T/10 7T/10

T

(total time)

 Application  : Video Querying

7.2.2  Duration descriptors

We may also want to describe the duration of some event. Here notions like long time

and short time appear. Once more, even if it is not explicit, we assume that there is a

reference. It is not the same " long time " in a 5 minute video and in a two hours film. We

can then define this notion in a time scale having the total reference time.

Figure 40 . Long and Short time

We can also define on the time reference scale the notion " about X minutes ". Here, once

again we think that this notion is relative. We believe that the uncertaint y grows with

the value X .  So, for example if we consider that the precision on "about five minutes" is

a single minute, then the precision on "about 60 minutes" is at least 5 minutes (certainly

more that 1 minute). We propose to translate " about X minutes " into " between  ( X

minutes less 20 %) and  ( X  minutes plus 20 %)" with the certainty of 1 for X  minutes and

a linear decreasing certainty between the extremes and the X  minutes (see Figure 41 ).

Figure 41 . About X  minutes

Reference time

1

0

"Long time "

"Short time"

T/4

T/10 T/2 T

(total time)

Reference time

1

0

X

X - X /5 X + X /5

"About X  minutes"

Chapter 7  : Browsing with words

7.2.3  Time relationship

We may also want to define relationships between time events, like for example after

and before . In this spirit Yager introduced in [ 88 ] a general framework  : the relativ e

temporal relationship (RTR). In this framework we have for example that the definition

of " after " will be  : If X - Y  <0 then the degree of satisfaction of the concept " X after Y  "

is  0 and if X - Y

                                                                                                          ³
                                                                                                                   0 the degree will be 1. In a s ymmetric wa y we can define the notion

" before ". We propose here to use the time descriptors introduced before to generate new

notions as for instance  : " About 10 minutes after " or " About 10 minutes before ".

Figure 42 . About 10 minutes after (or before)

Interval time

X  - Y

1

0

10

"After about 10

minutes"

-12 -10 -8 8 12

"Before about

10 minutes"

 Application  : Video Querying

7.3  Combining the fuzzy time vo cabulary

7.3.1  Using time relationship

Now, that we have defined the basic relationships we ma y want to use them to indicate

a particular moment in the video. So we ma y point to  : " About 10 minutes after the

crash ".

Let Crash ( y ) be the membership degree of the event " the  crash " at the time y . Then the

membership function of " About 10 minutes after the crash " indexed b y the time x  will

be obtained b y following formula, where T  is a t -norm  :

( )

[ ]

)

(

),

(

10

_

_
max

)

(

_

                                                                                          _

                                                            10

                                                  _ yCrashyxm
about
after

T
x

Crash

                                                                                                      after

                                                                            m

        About

y

-

=
( 204 )

This function allows to calculate simpl y the degree of membership at the time x  of

" About 10 minutes after the crash ".

Let us generalize this result and let R be the membership function of a time relationship

and E  the membership function of an event, then we can point to a new moment of the

video by using the general formula  :

( )

[ ]

)

(

),

(
max

)

                                                                                                                ( yEy
x

R

T

                                                                                                                      x

                                                                                                     E

                                                                             R

y

-

=