- 1 -Symbolic Graph for Petri netsIsabelle VernierLaboratoire IBP-MASIUniversit� Paris 64, place Jussieu, 75252 Paris - Cedex 05, Franceemail : isabelle.vernier@masi.ibp.frtel : (33 1) 44 27 71 04, fax : (33 1) 44 27 62 86Abstract: In this paper we consider programs with one parameter, the number of processes,represented by Petri nets. A marked Petri net models a program with a fixed number of processes,i.e., an instantiated program. We give an algorithm to build a symbolic graph that represents thereachability graphs of a Petri net with an infinite number of initial markings. There is an initialmarking for each value of the parameter. We introduce symbolic markings that define sets ofmarkings of instantiated programs. We prove that the symbolic graph represents exactly thereachable markings of all the instantiated programs. Each possible execution of an instantiatedprogram is represented in the symbolic graph. We show how to verify properties on the symbolicgraph.I. IntroductionThe study of behavioral properties of parallel programs needs, in many cases, the buildingof its state graph. This building is usually too complex. Even if the model of the program has areasonable size, the size of the state graph prevents one from exploiting it.We consider programs modeled by Petri nets [17]. To obtain a reduced reachability graph,two ways are possible. A first approach is to reduce the net [3], [11], [13] and then to build thereachability graph. A second approach is to build a reduced graph. Only the propertiespreserved by the reductions can be verified on the graph. Several studies have concerned thereduction of the size of the reachability graph. In [9] the modification of markings greater thanone of their ancestors allows one to avoid the building of infinite graphs and to minimize thesize of the obtained coverability graph. In [21] sequences of transitions that only differ in theorder of the transitions are identified. In [4] and [12] the size of the graph is reduced by thecomputation of a unique representative for each equivalence class of markings. In [22], thebuilding of the reachability graph is modular. To apply these methods, the value of eachparameter of the program, resources and processes, must be fixed. Therefore, to study aprogram with different values of the parameters new methods are necessary.Previous works study methods to verify properties of programs without fixing value of theparameters. The main result is the undecidability of the properties verification [1], [20].Therefore, all the proposed methods have some limitations. The first one is that the programshave a unique parameter, the number of processes. All the processes have an identical behaviorindependent of their identity. The method we propose applies to this subset of programs.The methods to verify properties of parallel programs are not totally automatic [5], [16],[27]. In these three methods, the verification of the properties of the instantiated programs isdeduced from the verification of the properties of a representative program. The problem is tofind this program. Some extensions of the methods of Kurshan and Wolper [18], [2] givealgorithms to find the representative program. These algorithms are semi-decidable. The methodpresented in [10] allows one to verify properties that only refer to the behavior of a uniqueprocess. The solution proposed in [19] has some failure cases.A common feature of all these methods is that the verification is achieved on a structure thatis equivalent to the behavior of the instantiated programs regarding a set of properties. This setis infinite for some methods. The verification structure does not allow one the solve thereachability problem since the reachable states of the instantiated programs are not represented.It does not directly give a better understanding of the behavior of the instantiated programs sinceit does not represent their behavior.

- 2 -The algorithm we propose builds a symbolic graph. It applies on a subclass of programs andhas some failure cases. They appear when we cannot represent in a finite graph the behaviorsand the reachable states of all the instantiated programs. Our symbolic graph represents thestates and the behaviors of all the instantiated programs. Once this graph is build, it is possibleto solve the reachability problem and to have a better understanding of the behaviors of theinstantiated programs.Section 2 presents the program we study and the restriction of the Petri nets we consider.Section 3 defines the symbolic markings that are nodes of the symbolic graph and that representsets of states of the instantiated programs. Section 4 gives the firing rule defined from thesymbolic markings. Section 5 presents the algorithm to compute the symbolic reachability treefrom which the symbolic graph is deduced. We prove that the symbolic graph represents thereachable states and the behaviors of all the instantiated programs. Section 6 presents someproperties whose verification is possible on the symbolic graph. In section 7 we conclude andpresent future extensions of our work.II. Parallel Programs and Petri netsWe build a symbolic graph with the view to use it to verify behavioral properties of theinstantiated programs. As it is a too complex problem we have developed our buildingalgorithm on a subclass of parallel programs. Once the basis well defined, it is possible toconsider extensions of the subclass. The model we have chosen to represent the parallelprograms is the Petri net model.II.1. Petri netsA Petri net is a bipartite graph. The vertices are the places and the transitions. The places, thetransitions and the tokens represent respectively the states, the actions and the processes orvariables. The state of a process is given by the place that contains its token. The marking of aplace is the number of tokens it contains. The initial marking of a Petri net associates with eachplace the number of processes or resources it initially contains. A Petri net with an initialmarking is a marked Petri net.

Definition 1 Marked Petri netA Petri net PN = <P, T, Pre, Post, m0> is a Petri net where:- P is a set of places, T is a set of transitions, T Ç P = ¯, T È P ¹ ¯,- Pre is an application from P ´ T to N, that represents the weight of the arcs linking theplaces to the transitions,- Post is an application from P ´ T to N that represents the weight of the arcs linking thetransitions to the places,- m0 is an application from P to N that represents the initial marking of the Petri net.Graphically, circles and rectangles represent respectively the places and the transitions. Theweight of an arc is represented only if it is different from one. The arcs with a weight equal tozero are not represented.The places p such that Pre(p,t) (resp. Post(p,t)) differs from zero are the input (resp. output)places of transition t.A transition t is enabled from a marking if and only if the number of tokens in each place p isgreater than the value Pre(p,t).

Definition 2 Enabled transitionLet m be a marking of a Petri net and t a transition, t is enabled from m, m[t> iff:"p Î P, m(p) ³ Pre(p,t).The firing rule defines the way to compute the markings reachable from another. Theprinciple is that the application Pre (resp. Post) defines for each place and for each transition thenumber of tokens that are consumed (produced) while the firing of the transition.

- 3 -Definition 3 Firing ruleLet m be a marking of a Petri net and t a transition, t is enabled from m and the reachedmarking m’ is computed as follows, m[t>m’:"p Î P, m’(p) = m(p) - Pre(p,t) + Post(p,t).To compute the set of reachable markings of a marked Petri net the firing rule is applied tothe initial marking and to the new reached markings.A state machine is a Petri net whose transitions have exactly one input place and one outputplace. All the arcs are weighted by one. Therefore a transition represents an action executed byone process. The input (resp. output) place is the state of the process before (resp. after) thefiring.An extended state machine is a state machine that allows one to model rendez-vous betweenprocesses.

Definition 4 Extended state machineAn extended state machine SM is a state machine <P, T, Pre, Post, m0> where:- "t Î T, åpÎPÊPre(p,t) = åpÎPÊPost(p,t).

RemarkEach possible marking m of an extended state machine is such that åpÊÎ Ê P Êm(p) = åpÊÎ Ê P Êm0(p).The notations m[t> and m[t>m’ are extended to sequences of transitions:- m[s> means that sequence s is enabled from m,- m[s>m’ means that the firing of s from m leads to m’.II.2. Parallel ProgramsWe consider the same class of programs as in the methods of Clarke, Kurshan, Wolper andGerman. Two parts compose the programs: n processes that have the same behavior and aunique resources manager. The behavior of the identical processes is independent of theiridentity.The processes communicate through shared variables, resources, whose accesses aresupervised by the resources manager. Another communication possibility is a rendez-vousbetween processes.An extended state machine represents the n processes. A Petri net represents the resourcesmanager and the resources. The transitions that model accesses to the resources are common tothe two Petri nets. They are synchronization transitions.

NotationsConsider two Petri nets PN = <P, T, Pre, Post, m0> and PN1 = <P1, T1, Pre*, Post*,m0*> such that P1 Í P and T1 Í T then- Pre* and Post* are applications from P1´T1 to N,- "p Î P1, "t Î T1, Pre*(p,t) = Pre(p,t) and Post*(p,t) = Post(p,t),- m0* is an application from P1 to N and "p Î P1, m0*(p) = m0(p).

Definition 5 Model of Parallel Programs, M2PA M2P is a Petri net P = <Pp È Pc, Tp È Tc È Tsynch, Pre, Post, m0> where:- Pp Ç Pc = ¯, Tp Ç Tc Ç Tsynch = ¯,- <Pp, Tp È Tsynch, Pre*, Post*, m0*> is a marked extended state machine,- <Pc, Tc È Tsynch, Pre*, Post*, m0*> is a marked Petri net.The model with an initial marking represents an instantiated program. In the following, amarking with no other information is a marking of a marked Petri net.

- 4 -Example 1We consider the problem of n processes that perform an initialization stage and execute internalactions. The initialization needs the exclusive access to resource A. Once a process is initialized itcan cooperate with other processes to avoid them the initialization step.Figure 1 represents the Petri net P = <Pp È Pc, Tp È Tc È Tsynch, Pre, Post, m0> that models thisproblem:Pp = {Idle, Initialization, Initialized}, Pc = {A},Tp = {Cooperation, Internal_Action}, Tsynch = {Access_A, Free_A}, Tc = ¯,m0(Idle) = n, m0(A) = 1, m0(Initialization) = m0(Initialized) = 0.The white places and transitions represent the states and the actions of the n identical processes.The gray place is the unique place of the control Petri net. The black transitions are thesynchronization transitions.Internal_Action

Idle

Initialization

AInitializedAccess_AFree_ACooperation

2nFigure 1

Initially all the processes are in place Idle. They can access to the resource A if another processdoes not use it. If a process is already in place Initialized they can cooperate with it to obtain theinitialized status. A process that has accessed to resource A owns it until the initialization stageends and then it releases the resource to become an initialized process. The Cooperation transitionrepresents a rendez-vous between two processes.III. Symbolic markingMarkings associate with each place an integer that represents the number of tokens,processes or resources, it contains. They are not suitable to consider Petri nets whose initialmarking is not entirely known, the number of processes is finite but not defined. To thispurpose we define symbolic markings. A symbolic marking represents a set of markings. Wefirst define the general symbolic markings whose definition is independent of the characteristicsof the model M2P.III.1. General Symbolic markingThe key point of the representation of a general symbolic marking is to associate an integerand a relational operator "=" or "³" with each place. The intended meaning is:- if "= x" is associated with a place, then exactly x processes are in this place,- if "³ x" is associated with a place, then at least x processes are in this place.

Definition 6 General Symbolic markingLet gsm = <OP,M> be a symbolic marking:- OP is defined from Pp È Pc to {"=", "³"},- M is defined from Pp È Pc to N.If gsm is a general symbolic marking then functions gsm.OP and gsm.M define the operatorand integer attributes.

- 5 -A marking of an instantiated Petri net is a special general symbolic marking. The operator"=" is associated with all the places.

Notation{p gsm.OP(p) gsm.M(p) / p Î Pp È Pc} denotes a general symbolic marking gsm where theplaces such that M(p) = 0 and OP(p) = "=" are omitted.III.2. General symbolic markings and markingsA general symbolic marking represents an infinite set of markings of instantiated Petri net.We denote set[gsm] the set of markings represented by gsm.

Definition 7 Set of markingsA general symbolic marking, gsm, represents a marking if an only if the latter fulfills therelations expressed by the functions gsm.OP and gsm.M. A general symbolic marking gsmcontains all the markings m, m Î set[gsm], such that "pÊÎÊPpÊÈÊPc, m(p)Ê=Êgsm.M(p) ifgsm.OP(p) = "=" otherwise m(p) ³ gsm.M(p).

Example 2Let gsm = {Idle ³ 1, Initialized ³ 1, A = 1} be a general symbolic marking. All the markings m suchthat m(Idle) ³ 1, m(Initialization) = 0, m(Initialized) ³ 1 and m(A) = 1 belongs to set[gsm].A transition is enabled from a general symbolic marking if and only if it is enabled from oneof the markings it represents.

Property 1Let gsm be a general symbolic marking and t be a transition. t is enabled from gsm iff:"p Î Pp È Pc, gsm.M(p) ³ Pre(p,t) or gsm.OP(p) = "³".

Proof- If $p Î Pp È Pc, gsm.M(p) < Pre(p,t) and gsm.OP(p) = "=" then "m Î set[gsm], m(p)Ê<ÊPre(p,t), mdoes not enable t.- If "p Î Pp È Pc, gsm.M(p) ³ Pre(p,t) or gsm.OP(p) = "³" we build a marking mÊÎÊset[gsm] such thatm[t>. If gsm.M(p) ³ Pre(p,t) then m(p) = gsm.M(p) else m(p) = pre(p,t).III.3. Relations and operations on general symbolic markingsTo compute the symbolic reachability tree, it is essential to be able to compare two generalsymbolic markings. These comparisons allow us to avoid the building of an infinite tree. Thetwo relations we define are partial relations. They both apply to the sets of markings representedby the general symbolic markings.

Definition 8 InclusionLet gsm and gsm’ be two general symbolic markings, gsm is included in gsm’,gsmÊÍÊgsm’, if and only if set[gsm]ÊÍÊset[gsm’].

Definition 9 InferiorityLet gsm and gsm’ be two general symbolic markings, gsm is less or equal to gsm’,gsmÊ£Êgsm’, if and only if for each marking represented by gsm’ there is a less markingrepresented by gsm and for each marking represented by gsm there is a greater markingrepresented by gsm’.

Properties 2We consider "³" > "=".a) gsmÊÍÊgsm’ iff"p Î Pp È Pc, if gsm’.OP(p) ="=" then gsm.OP(p) = "=" and gsm.M(p) = gsm’.M(p)else gsm’.M(p) £ gsm.M(p).b) gsm £ gsm’ iff"p Î Pp È Pc, gsm.OP(p) £ gsm’.OP(p) and gsm.M(p) £ gsm’.M(p)

- 6 -Proofa) H = "p Î Pp È Pc,if gsm’.OP(p) ="=" then gsm.OP(p) = "=" and gsm.M(p) = gsm’.M(p) else gsm’.M(p) £ gsm.M(p).- H is verified.Let m Î set[gsm] then "p Î Pp È Pcif gsm.OP(p) = "=" and gsm’.OP(p) = "=" then m(p) = gsm’.M(p),if gsm.OP(p) = "=" and gsm’.OP(p) = "³" then m(p) ³ gsm’.M(p),if gsm.OP(p) = "³" then gsm’.OP(p) = "³" and m(p) ³ gsm’.M(p).If H then set[gsm]ÊÍÊset[gsm’] and gsmÊÍÊgsm’.- H is not verified.if gsm’.OP(p) = "=" and gsm.OP(p) = "³" then $m Î set[gsm], m(p) > gsm’.M(p), m Ï set[gsm’],if gsm’.OP(p) = "=", gsm.OP(p) = "=" and gsm.M(p) ¹ gsm’.M(p) then "m Î set[gsm], m(p) > gsm’.M(p),mÊÏÊset[gsm’],if gsm’.OP(p) = "³" and gsm.M(p) < gsm’.M(p) then $m Î set[gsm], m(p) < gsm’.M(p), mÊÏÊset[gsm’].If not H then set[gsm] Í¤ set[gsm’] and gsmÊÍ¤Êgsm’.b) H = "p Î Pp È Pc, gsm.OP(p) £ gsm’.OP(p) and gsm.M(p) £ gsm’.M(p)- H is verified.Let mmin, "p Î Pp È Pc mmin(p) = gsm.M(p), mmin Î set[gsm] and "m’ Î set[gsm’], mmin £ m’,Let m Î set[gsm], we build m’ Î set[gsm’] such that m’ ³ m"p Î Pp È Pc if gsm.OP(p) = "=" then m’(p) = gsm’.M(p) else m’(p) = MAX(gsm’(p), m(p)+1).If H then gsm £ gsm’.- H is not verified.If $p Î Pp È Pc, gsm.M(p) > gsm’.M(p) then $m’ Î set[gsm’], m’(p) = gsm’.M(p) and "mÊÎÊset[gsm],mÊ> m’,if $p Î Pp È Pc, gsm.OP(p) > gsm’.OP(p) then gsm.OP(p) = "³", gsm’.OP(p) = "=", $mÊÎ set[gsm],m(p)Ê=ÊMAX(gsm.M(p), gsm’.M(p)+1) and "m’ÊÎÊset[gsm’], m’ ³/ m.If not H then gsm £/ gsm’.While the verification of properties, we will have to compute the intersection of two generalsymbolic markings. As for the previous relations, this operation is concerned with the sets ofmarkings represented by the general symbolic ones.

Definition 10 Intersection between general symbolic markingsLet gsm and gsm’ be two general symbolic markings, gsm Ç gsm’ represents the set ofmarkings that belongs to set[gsm] Ç set[gsm’].

Property 3Let gsm1 and gsm2 be two general symbolic markings, gsm = gsm1 Ç gsm2 with:"p Î Pp È Pc,- if gsm1.OP(p) = gsm2.OP(p) = "=" thenif gsm1.M(p) = gsm2.M(p) then gsm.OP(p) = "=" and gsm.M(p) = gsm1.M(p)else set[gsm] = ¯,- if gsmi.OP(p) = "=" and gsmj.OP(p) = "³", i ¹ j, i Î {1,2}, j Î {1,2}, thenif gsmi.M(p) ³ gsmj.M(p) then gsm.OP(p) = "=" and gsm.M(p) = gsmi.M(p)else set[gsm] = ¯,- if gsm1.OP(p) = gsm2.OP(p) = "³" thengsm.OP(p) = "³" and gsm.M(p) = MAX(gsm1.M(p), gsm2.M(p)).

- 7 -ProofThe three following properties follow from the computation of gsm:- set[gsm] = fl iff set[gsm1] Ç set[gsm2] = ¯,- m Î set[gsm] implies m Î set[gsm1] Ç set[gsm2],- m Î set[gsm1] Ç set[gsm2] implies m Î set[gsm].III.4. Symbolic Marking and Model for parallel programsThe general symbolic markings allow us to represent sets of markings but do not take intoaccount the particularities of the model M2P. We define a restriction of the general symbolicmarkings. The same transitions are enabled from all the markings that a symbolic markingrepresents. All the properties and relations defined for the general symbolic markings are validfor the symbolic markings.We first define a function Limit that associates with each place the maximum number oftokens necessary for the firing of all the transitions.

Definition 11 Limit function"p Î Pp È Pc, Limit(p) = MAX(Pre(p,t)), t Î Tp È Tc È Tsynch.If we do not know the exact number of tokens in a place p the integer associated with thisplace must be greater of equal to Limit(p). This condition ensures that the transitions enabledfrom a symbolic marking are enabled from all the markings it contains.We consider programs with a unique parameter, the number of processes. Therefore, thepossible number of tokens in the places of the control net is independent of the number ofprocesses. For each reached symbolic marking, the operator associated with the places of thisPetri net is "=".

Definition 12 Symbolic markingA symbolic marking sm is a general symbolic marking with:- "p Î Pc, sm.OP(p) = "=".- "p Î Pp, if sm.M(p) < Limit(p) then sm.OP(p) = "=",

Property 4Let sm be a symbolic marking and t be a transition: sm[t> iff "m Î set[sm], m[t>.

Proof- If "m Î sm, m[t> then sm[t> (property 1).- If sm[t>, then $m Î sm, m[t>. "p Î Pp È Pc, m(p) ³ Pre(p,t)."p Î Pp È Pc,sm.OP(p) = "=", "m’ Î sm, m’(p) = sm.M(p) = m(p) then m’(p) ³ Pre(p,t),sm.OP(p) = "³", sm.M(p) ³ Limit(p) ³ Pre(p,t) then "m’ Î sm, m’(p) ³ Pre(p,t)."m Î sm, m[t>.As the operator "=" is associated with all the places of the control Petri net, a symbolicmarking represents markings of an instantiated program only if the number of processes isgreater than a bound. This bound is equal to the sum of the integers associated with the placesof the extended state machine.

Definition 13 bound associated with a symbolic markingLet sm be a symbolic marking then B(sm) = åpÎPpÊsm.M(p)

Property 5Let P be a program instantiated with n, M the set of markings of P (not necessarilyreachable) and sm a symbolic markingset[sm] Ç M ¹ ¯ if and only if n ³ B(sm).

- 8 -ProofThe proof is trivial if we consider that if m Î set[sm] then åpÊÎ ÊP pm(p) ³ åpÊÎ ÊP psm.M(p).

Example 3 Symbolic markingsThe initial symbolic marking of the model of Figure 1 is: {Idle ³ 1, A = 1}. It represents the initialmarkings of the instantiated Petri nets with the resource A free and all the tokens that representidentical processes in place Idle. The bound associated with this symbolic marking is 1.The symbolic marking {Idle ³ 1, Initialized ³ 1, A = 1} represents the markings with at least onetoken in state Idle, at least one token in state Initialized and the resource A free. The boundassociated with this symbolic marking is 2. This symbolic marking cannot represent a marking withonly one token in one of the two places Idle and Initialized.To the purpose of the firing rule we define the splitting up of a general symbolic markinginto disjoint symbolic markings.

Definition 14 Splitting up of general symbolic markings in relation to a placeLet gsm be a general symbolic marking and p a place such that gsm.M(p) < Limit(p) andgsm.OP(p) = "³". gsm is not a symbolic marking. gsm is split up into gsm0, É, gsmn(nÊ=ÊLimit(p)-gsm.M(p)) where:"p’ ¹ p, "i, 0 £ i £ n, gsmi.M(p’) = gsm.M(p’) and gsmi.OP(p’) = gsm.OP(p’)"i, 0 £ i < ngsmi.M(p) = gsm.M(p) + i and gsmi.OP(p) = "="gsmn.M(p) = Limit(p), gsmn.OP(p) = "³".

Property 6Let gsm be a general symbolic marking and gsm0, É,gsmn the splitting up of gsm inrelation to p.a) "i, j, i¹j, set[gsmi] Ç set[gsmj] = ¯,b) ÈÊ i Ê = Ê 0 n Ê Êset[gsmi] represents the same set of markings than gsm.

Proofa) The proof follows from the fact that the conditions on the number of tokens in place p, in the gsmi, aredisjoint.b) The proof follows from the fact that the union of the conditions on the number of tokens in place p in thegsmi is equal to the condition in gsm. The conditions on the other places are the same in gsm and in eachgsmi.To obtain the splitting up of a general symbolic marking into symbolic markings we applythe splitting up procedure until the attributes associated with all places p are such that if theoperator is "³" the integer is greater or equal to Limit(p). The property 6 is extended. Theobtained symbolic markings are such that they are disjoint and their union represents the sameset of markings as the initial general symbolic marking.

Example 4 Splitting up of a general symbolic markingLet gsm = {p ³ 1, q ³ 0, r = 2} be a general symbolic marking. Limit(p) = 2 and Limit(q) = 1, thengsm is not a symbolic marking. We first split up gsm in relation to p. We obtain the two followinggeneral symbolic markings:gsm0 = {p = 1, q ³ 0, r = 2}, gsm1 = {p ³ 2, q ³ 0, r = 2}.We now split up each gsmi in relation to q. We obtain the four following symbolic markings:sm00 = {p = 1, q = 0, r = 2}, sm01 = {p = 1, q ³ 1, r = 2},sm10 = {p ³ 2, q = 0, r = 2}, sm11 = {p ³ 2, q ³ 1, r = 2}.

- 9 -As we have obtained symbolic markings, we stop here the splitting up.IV. Symbolic firing ruleConsider sm a symbolic marking and t a transition enabled from sm. The problem is tocompute the set of markings reachable from markings represented by sm after the firing of t.The basic rule is to apply the firing rule of Petri nets to the symbolic marking.The application of the firing rule, defined for Petri nets, to the integers associated with theplaces gives a general symbolic marking. This general symbolic marking represents the set ofthe reachable markings.

Definition 15 Set of reachable markingsLet sm be a symbolic marking and t a transition, t is enabled from sm and the reached set ofmarkings, gsm’, is computed as follows:"p Î Pp È Pc, gsm’.M(p) = sm.M(p)Ê-ÊPre(p,t) + Post(p,t), gsm’.OP(p) = sm.OP(p),It is trivial to see that gsm’ represents the set of markings reachable from sm after the firingof t. It is possible that for some place p, gsm’.M(p) < Limit(p) and gsm’.OP(p) = "³", gsm’ isnot a symbolic marking. Therefore we decompose gsm’ into several disjoint symbolicmarkings, sm’0 É sm’n.

Property 7Let sm[t>gsm’, gsm’ is split up into sm’0, É, sm’n thenÈÊ i Ê = Ê 0 nÊset[sm’i] represents the set of markings reachable from sm after the firing of t.

ProofWe use the fact that set[gsm’] represents the set of markings reachable from sm after the firing of t andproperty 6.Each sm’i is reachable from a subset of the set of markings represented by sm. Conditionson the places in relation to which the decomposition of gsm’ has been computed define thissubset. If sm’i.OP(p) = "=", the markings m that lead to a marking of set[sm’i] are such thatm(p) = sm’i.M(p) + Pre(p,t) - Post(p,t). If sm’i.OP(p) = "³", the markings m that lead to amarking of set[sm’i] are such that m(p) ³ sm’i.M(p) + Pre(p,t) - Post(p,t).If the firing of t from sm leads to several symbolic markings, the bound associated withsome of them may be greater than the bound associated with sm. Two symbolic markings mayrepresent markings of programs instantiated with a number of processes that verify differentconditions. If a symbolic marking is a marking, it represents one marking of a singleinstantiated program.

Example 5 symbolic firing ruleLet sm = {Idle ³ 1, A = 1} be the initial symbolic marking of the model of Figure 1. The transitionInitialization is enabled from sm. The reached general symbolic marking is gsm = {Idle ³ 0,Initialization = 1, A = 1}. It is not a symbolic marking since Limit(Idle) = 1. The decomposition ofgsm in relation to Idle gives the two following symbolic markings:sm’0 = {Idle = 0, Initialization = 1, A = 1} and sm’1 = {Idle ³ 1, initialization = 1, A = 1}.The markings represented by sm’0 are reachable from markings m represented by sm withm(Idle)Ê=Ê1. The markings represented by sm’1 are reachable from markings m represented by smwith m(Idle) ³ 2.As sm’0 is a marking, it represents a state of the program instantiated with one process. Thesymbolic marking sm’1 represents states of the programs instantiated with at least two processes.V. Symbolic graphTo build the symbolic graph we first built a symbolic tree. Then we identify with a symbolicmarking of the tree all the nodes it contains. To compute the tree, we start from the initialsymbolic marking and we apply the symbolic firing rule defined in the previous section.

- 10 -However the tree would generally be infinite. We have defined two new rules to avoid thepossibility of infinite development of the tree.The first rule indicates when to stop the computation of a branch of the tree. If a symbolicmarking is included in one of its ancestors, the computation of its successors will give no newinformation. We stop the building of this branch.The second rule allows us to avoid the computation of potentially infinite branches of thetree. The principle we use is similar to those presented in [15] and [9]. We modify a symbolicmarking that is strictly greater than one of its ancestors.The principle of the methods of Karp and Finkel is to detect, for each reachable marking, theplaces that can contain an infinite number of tokens. The information that is kept gives nocondition on the number of tokens (even, odd, related to the number of tokens in another place,�). We are confronted with the same limits. Since we want to keep enough information tosolve the reachability problem we cannot apply the two previous methods. The drawback of thisrequirement is that it is sometimes not possible to represent with a finite number of symbolicmarkings the set of the reachable markings of the instantiated programs. Our algorithm detectsthese cases that are the failure cases.We apply our modification procedure only if we are sure that the new symbolic markingrepresents only reachable markings of the instantiated programs. To this purpose we define"state change for one process" sequences.V.1. "State change for one process" sequencesA "state change for one process" sequence is such that after its firing two places pin and poutmay be identified. The number of tokens in place pout is decreased by one, the number oftokens in place pin is increased by one and the marking of the other places is not modified. Thesequence can be iterated as long as there are processes in place pout.

Definition 16 "State change for one process" sequenceA sequence s is a "state change for one process" sequence iff:- s = t1 � tn, "i Î {1,É,n}, ti Î Tp È Tc È TSynch,- There is exactly one place pout Î Pp, such that åi=1,É,nÊ(Post(pout,ti)Ê-ÊPre(pout,ti)) = -1,- There is exactly one place pin Î Pp, such that åi=1,É,nÊ(Post(pin,ti)Ê-ÊPre(pin,ti)) = 1,- "p" Î Pc È Pp, p" Ï {pout, pin}, åi=1,É,nÊ(Post(p",ti)Ê-ÊPre(p",ti)) = 0.- "k £ n, åi=1,É,kÊ(Post(pout,ti)Ê-ÊPre(pout,ti))Ê³ -1.

Property 8Let s be a "state change for one process" sequence, sm and sm’ two symbolic markings. Thesequence s is enabled from sm. If sm [s> sm’ and sm’.M(pout) ³ 1 then sm’ enables s.

Proof- sm[s>sm’ then sm = sm0[t1> É [tn>smn = sm’.- "i, 1 £ i £ n, "m’ Î set[smi], $m Î set[sm], m[t1Éti>m’. If i = n, "m’ Î set[sm’], $m Î set[sm],m[s>m’.- "p Î Pp È Pc, p ¹ pin, pout, m’(p) = m(p), m’(pin) = m(pin)+1, m’(pout) = m(pout)-1.As sm’.M(pout) ³ 1 and "k £ n, åi=1,É,kÊ(Post(pout,ti)Ê-ÊPre(pout,ti))Ê³ -1, "m’ÊÎÊset[sm’], sm’[s>.

- 11 -V.2. GraphWe now have to define the procedure we apply when we compute a symbolic marking, sm’,strictly greater than one of its ancestors, sm, and not included in one of its ancestors. Threecases are possible, they are examined in the same order as we present them:1) The operator "³" is associated with more places in sm’ than in sm. We do not modify sm’and we continue the building of the branch from it. As the number of places is finite, thenumber of "³" associated with places cannot increase infinitely.2) The sequence that leads from sm to sm’ is a "state change for one process" sequence. Ifsm’.M(pin) ³ Limit(pin), we modify sm’ by associating the operator "³" to place pin else sm’ isnot modified. The values less than Limit(pin) are in finite number.3) The building algorithm fails. We cannot represent with a finite number of symbolicmarkings the set of reachable states.

Example 6 Failure caseThe Petri net of Figure 2 models the access to resources A and B by a finite but unknown number ofprocesses. Resource A is free only if Resource B is not and conversely. A process with no resource is inplace idle and a process with one resource is in place busy.Initially all the processes are in place idle and one resource A is available. This global state isrepresented by the symbolic marking {idle ³ 1, A = 1}.access_Baccess_A

busy

BAidle{idle ³ 1, busy = 1, B = 1}

{idle ³ 1, busy = 2, A = 1}

{idle ³˚1, A = 1}

access_B, idle ‡ 2

access_A, idle ‡ 2

nFigure 2

The firing of transition access_A leads to the symbolic marking {idle ³ 1, busy = 1, B = 1} and thefiring of transition access_B leads to the symbolic marking {idle ³ 1, busy = 2, A = 1}. This symbolicmarking is strictly greater than the initial one. However the sequence access_A, access_B is not a"state change for one process" sequence. After its execution two tokens have moved from place idle toplace busy. To avoid the building of an infinite branch we should represent, with a finite number ofsymbolic markings, all the distributions of processes between places idle and busy with an evennumber of processes in place busy. It is not possible.

Property 9If case 2 is applied (sm[s>sm’, sm’ > sm and s is a "state change for one process" sequence)the modified symbolic marking represents only markings that are reachable from markingsrepresented by sm after iterations of sequence s.

ProofWe note sm’ the symbolic marking before the modification and sm’modif the symbolic marking after themodification."p Î Pp È Pc, p ¹ pin, sm’modif.M(p) = sm’.M(p), sm’modif.OP(p) = sm’.OP(p)sm’modif.M(pin) = sm’.M(pin) and sm’modif.OP(pin) = sm’.OP(pin).As sm[s>, sm.M(pout) ³ 1, then sm’.M(pout) ³ 1. By property 8, sm’[s>, and by extension "m’ Î set[sm’],m’[a.s> where a Î N, 1 £ a £ m’(pout).As sm’ > sm, sm’ is not included in sm, case 1 is not verified and the markings represented by sm’ arereachable from markings represented by sm after the execution of s:"p Î Pp È Pc, sm’.OP(p) = sm.OP(p),

- 12 -$p Î Pp È Pc, sm’.M(p) > sm.M(p) and sm’.OP(p) = "=", p = pin,sm’.OP(pout) = "³".If each marking m’ represented by sm’modif can be reached by a marking m after the firing of a’ times thesequence s, a’ = m’(pin) - sm’.M(pin), m is as follows:"p Î Pp È Pc, p ¹ pin, pout, m(p) = m’(p), m(pout) = m’(pout) + a’, m(pin) = m’(pin) - a’ = sm’.M(pin).All the possible markings m are represented by sm’. As sm’[a.s>, set[sm’modif] represents markings that arereachable from markings represented by sm’. Therefore, they are reachable from sm.

Example 7 Symbolic graphFigure 3 represents the symbolic graph of the Petri net of Figure 1. The symbolic markingassociated with the gray node is the initial symbolic marking and represents markings of programsinstantiated with at least one process. The markings associated with black nodes are reachablemarkings of the program instantiated with one process. The symbolic marking associated with thestriped node represents reachable markings of programs instantiated with at least three processes.The others symbolic markings represent reachable markings of programs instantiated with at leasttwo processes.

{Initialized = 1, A = 1}

{Initialization = 1}

{Idle ³ 1, A = 1}

{Idle ³ 1, Initialization = 1}

{Idle ³ 1, Initialized ³ 1, A = 1}

{Initialized ³ 2, A = 1}

{Initialization = 1, Initialized ³ 1}

Internal_Action

Free_A

Access_A [Idle = 1]

Cooperation [Idle = 1]

Cooperation [Idle ³ 2]Internal_Action

Cooperation [Idle ³ 2], Internal_Action

Access_A [Idle ³ 2]

{Idle ³ 1, Initialization = 1,Initialized ³ 1}

Figure 3

The following property ensures that the building algorithm ends in a finite time. The result isthe detection of a failure case or the symbolic graph of the model.

Property 10The algorithm builds a finite symbolic graph or fails.

ProofWe show that:- if the graph is infinite, there is an infinite strictly increasing sequence of symbolic markings,- we cannot have an infinite strictly increasing sequence of symbolic markings.The proof follows from cases 2 and 3 of the building algorithm and from the finiteness of the number ofplaces.The following theorem ensures that the symbolic graph represents exactly what we expected.

Theorem 1- The symbolic graph represents all the reachable states of each instantiated program.- Each state represented by a symbolic marking of the symbolic graph is a reachable state ofan instantiated program.

- 13 -- For each sequence of actions and states of each instantiated program there is a path in thesymbolic graph that represents the succession of both states and actions.

ProofWe use properties 4, 7 and 9.VI. Symbolic graph and verification of propertiesSome usual properties can efficiently be verified on the symbolic graph. This is the case forthe detection of deadlocks or for the reachability problem. In [25] and [26] we show how toverify properties expressed as temporal logic formulas on the symbolic graph. Here weconsider properties whose verification depends only on the reachable states. The structure of thegraph is not significant.VI. Detection of deadlocksTo detect if a Petri net is deadlock free, it is sufficient to verify that at least one transition isenabled from each reachable marking. If we consider the symbolic graph, the same verificationis possible.

Theorem 2Let P = <Pp È Pc, Tp È Tc È Tsynch, Pre, Post, m0> be a M2P, SG the symbolic graph of Pand sm1, É, smn are the nodes of the graph.A program instantiated with n processes is deadlock free if " smi, n ³ B(smi),$tÊÎÊTpÊÈÊTc È Tsynch, smi[t>.

ProofWe use the fact that the symbolic graph represents exclusively all the markings of all the instantiatedprograms and property 4.- A symbolic marking enables a transition if and only if all the markings it represents enables the sametransition. A program is deadlock free if at least one transition is enabled from all the symbolic markings thatrepresent markings of the instantiated program (all the symbolic markings sm such that nÊ³ÊB(sm)).- Let smi be a symbolic marking that enables no transition. Then no transition is enabled from all themarkings represented by smi. All the programs instantiated with n processes, n ³ B(smi) are not deadlockfree.The detection of symbolic markings that enable no transition gives the knowledge of theinstantiated programs, may be in infinite number, that are not deadlock free. Anotherinformation is the class of markings from which no evolution is possible.VI.2. Reachability problemThe reachability problem can easily be solved on the symbolic graph. To compute the set ofmarkings represented by a general symbolic one that are reachable, we only have to compute theintersection between the general symbolic marking and each symbolic marking of the symbolicgraph.

Theorem 3Let P = <Pp È Pc, Tp È Tc È Tsynch, Pre, Post, m0> be a M2P, SG the symbolic graph ofP, sm1, É, smn are the nodes of the graph and gsm a general symbolic marking.The reachable markings represented by gsm are the markings that belong to one of thesymbolic marking sm’i = smi Ç set[gsm].

ProofWe use the definition 10, property 3 and the fact that the intersection between a general symbolic markingand a symbolic marking is represented by a symbolic marking.If the general symbolic marking is a marking m of an instantiated program, it is sufficient tofind a symbolic marking sm of the graph such that sm Ç m ¹ ¯. The intersection between asymbolic marking and a marking is empty or equals the marking.

- 14 -VII. ConclusionWe have presented a method to study programs with finite but unknown number ofprocesses. We have defined symbolic markings that represent sets of markings of instantiatedprograms and we have presented an algorithm to build a symbolic graph that represents thebehavior of all the instantiated programs.An important feature of the symbolic graph is that it allows us to solve the reachabilityproblem. That is not possible with the methods already proposed to verify properties of all theinstantiated programs. Another interest of the symbolic graph is that it allows us to detectdeadlocks and to verify temporal logic formulas.To characterize the class of Petri nets we can study, it is reasonable to first consider a modelless expressive than Petri nets. The algorithm to build the symbolic graph is implemented in thesoftware engineering framework AMI [7]. Therefore, it is possible to test lot of models and toidentify more precisely failure cases.Further works will deal with the possible extensions of the studied programs. The modelpresented in [23] allows one to distinguish dynamically the behavior of one process. Theadaptation of the symbolic graph building algorithm is described in [24].Our model is less expressive than colored Petri nets [14], but it allows one to studyprograms without fixing the value of the parameter. Some authors have proposed methods tobuild reduced reachability graphs of colored Petri nets [12], [4]. The building algorithms exploitthe behavioral symmetries of processes. In [6] and [8] the author present methods, with thesame principles, to reduce the size of the graph on which temporal logic formulas will beverified. To apply these two sets of methods, the parameters of the model must be fixed. It willbe interesting to study how to use some of these principles to extend the subclass of Petri netsfor which we can build a symbolic graph.References[1] Apt K.R., Kozen D.C., "Limits for automatic verification of finite-state concurrent systems", InformationProcessing Letters, vol 22, n°6, pp 307-309, 1986.[2] "On the Automatic Computation of Network Invariants".[3] Berthelot G., "Checking properties of nets using transformations", Advances in Petri Nets, LNCS 222, pp19-40, 1986.[4] Chiola G., Dutheillet C., Franceschinis G., Haddad S., "Stochastic Well-Formed Colored Nets andSymmetric Modeling Applications", IEEE Transactions on Computers, vol 42, n° 11, pp 1343-1360, 1993.[5] Clarke E.M., Burch J.R., Grumberg O., Long D.E., McMillan K.L., "Automatic verification of sequentialcircuit designs", Philosophical Transactions of the Royal Society of London, Series A, vol 339, pp 105-120,1992.[6] Clarke E.M., Filkorn T., Jha S., "Exploiting Symmetry in Temporal Logic Model Checking", Proceedingsof the 5th International Conference, CAV’93, LNCS 697, pp 450-462, 1993.[7] CPN-AMI, "Reference manual, 1.2 version", 1994.[8] Emerson E.A., Sistla A.P., "Symmetry and Model Checking", Proceedings of the 5th InternationalConference, CAV’93, LNCS 697, pp 463-478, 1993.[9] Finkel A., "A minimal Coverability Graph for Petri Nets", Proceedings of the 11th International Conferenceon Application and Theory of Petri Nets, Paris, France, pp 233-245, 1990.[10] German S., Sistla A.P., "Reasoning about Systems with Many Processes", JACM, vol 39, pp 675-735,1992.[11] Haddad S., "Une cat�gorie r�guli�re de r�seaux de Petri de haut-niveau : d�finition, propri�t�s et r�ductions",Th�se d’Universit�, Universit� Paris 6, 1987.[12] Huber P., Jensen A.M., Jepsen L.O., Jensen K., "Reachability trees for high-level Petri Nets", TheoreticalComputer Science, vol 45, pp 261-292, 1986.[13] Hyung L.-K., Favrel J., "Corrections to Generalized Petri Net Reduction Method", IEEE Transactions onSystems, Man, and Cybernetics, vol 19, n°5, pp 1328-1329, 1989.[14] Jensen K., Rozenberg G., (Eds), "High-Level Petri Nets", Ed. Springer-Verlag, 1991.

- 15 -[15] Karp R.M., Miller R.E., "Parallel Program Schemata", Journal of Computer science, vol 3, n°2, May1969.[16] Kurshan R.P., Merritt M., Orda A., Dachs S.R., "A Structural Linearization Principle for Processes",Proceedings of the 5th International Conference, CAV’93, LNCS 697, Elounda, Greece, pp 491-504, 1993.[17] Reisig W., EATCS Monographs on Theoretical Computer Science, Springer Publ. Company, vol 4, 1985.[18] Rho J.K., Somenzi F., "Automatic generation of networks invariants for the verification of iterativesequential systems", Proceedings of the 5th International Conference, CAV’93, LNCS 697, Elounda, Greece, pp123-137, 1993.[19] Shtadler Z., Grumberg O., "Network Grammars, Communication Behaviors and Automatic Verification",Proceedings of the International Workshop on Automatic Verification Methods for Finite State Systems, LNCS407, Grenoble, France, pp 152-165, 1989.[20] Suzuki I., "Proving properties of a ring of finite-state machines", Information Processing Letters, vol 28,n°4, pp 213-214, 1988.[21] Valmari A., "Stubborn Sets for Reduced State Space Generation", Advances in Petri Nets, LNCS 483,pp˚491-515, 1991.[22] Valmari A., "Compositionnal State Space Generation", Advances in Petri Nets, LNCS 674, pp 427-457,1993.[23] Vernier I.: "Specification And Verification of Parametrized Parallel Programs", Proceedings of the 8thInternational Symposium on Computer and Information Sciences, Istanbul, Turkey, pp 622-625, 1993.[24] Vernier I., "Graphe symbolique param�tr� de r�seaux de Petri et Logique temporelle", Th�se d’Universit�,Universit� Paris 6, 1994.[25] Vernier I., "Parameterized Evaluation of CTL-X Formulae", Proceedings of the 1st International Conferenceon Temporal Logic Workshop, Bonn, Germany, pp 22-31, 1994.[26] Vernier I., "Symbolic Verification of Parallel programs", Institut Blaise Pascal Report, to appear, 1995.[27] Wolper P., Lovinfosse V., "Verifying Properties of Large Sets of Processes with Network Invariants",Proceedings of the Proc.International Workshop on Automatic Verification Methods for Finite State Systems,LNCS 407, Grenoble, France, pp 68-80, 1989.